
Chapter 5

On Hamming and b-symbol

Distances of Constacyclic Codes of

Length 4ps over ℜ

5.1 Introduction

Let Fpm be the finite field of order pm, where p is an odd prime, and m is a positive

integers such that pm ≡ 1 (mod 4) holds. Here, we determine the Hamming and b-

symbol distances for all Λ-constacyclic codes of length 4ps over ℜ for any non-square

unit Λ and positive integer s, and use this distance distribution to provide several

codes with new parameters. As an application, we identify all the MDS codes among

such codes with respect to the Hamming and b-symbol distances.

The rest of the Chapter is organized as follows. In Section 5.2, we obtain the Ham-

ming distances of all constacyclic codes of length 4ps over ℜ and provide some ex-
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amples. In Section 5.3, we identify all MDS constacyclic codes of length 4ps over ℜ

with respect to the Hamming distance. In Section 5.4, we determine the b-symbol

distances for all b-symbol constacyclic codes of length 4ps over ℜ. And in Section

5.5, we determine all MDS b-symbol constacyclic codes of length 4ps over ℜ.

5.2 Hamming Distance of Codes over ℜ

In [3], Dinh et al. determined the structures of all Λ-constacyclic codes of length 4ps

over ℜ for pm ≡ 1 (mod 4), where Λ is a non-square unit of ℜ as follows

Theorem 5.2.1. [3] Let Λ ∈ ℜ be a non-square unit of ℜ.

1. If Λ is of form (Φ + uΨ), then the ring ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ is a finite chain

ring having maximal ideal ⟨(x4 − Φ0)⟩, where Φ0 ∈ Fpm, satisfying Φ = Φ0
ps.

Also, in ℜΦ+uΨ, we have ⟨(x4−Φ0)
ps⟩ = ⟨u⟩. Therefore, (Φ+uΨ)-constacyclic

codes of length 4ps over ℜ are the ideals ⟨(x4 − Φ0)
ȷ⟩, 0 ≤ ȷ ≤ 2ps of the ring

ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ . Also, the number of codewords is |C| = p4m(2ps−ȷ).

2. If Λ is a unit of form Ω, then the ring ℜΩ = ℜ[x]

⟨x4ps−Ω⟩ is a local finite non

chain ring with the non principal maximal ideal ⟨u, x4 − Ω0⟩, where Ω0 ∈ Fpm

satisfying Ω = Ω0
ps. Therefore, Ω-constacyclic codes of length 4ps over ℜ are

the ideals of the ring ℜΩ = ℜ[x]

⟨x4ps−Ω⟩ , and are given by:

� Type 1: ⟨0⟩, ⟨1⟩, which are trivial ideals. The number of codewords are 1

and p8mps respectively.

� Type 2: ⟨u(x4−Ω0)
ȷ⟩, where 0 ≤ ȷ ≤ ps−1 i.e., Type 2 consists non-monic

polynomial generated by principal ideals. Also, the number of codewords

is |C| = p4m(ps−ȷ).
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� Type 3: ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x)⟩, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ,

and either ℑ(x) is a unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0 i.e., Type 3 consists monic

polynomial generated by principal ideals. Also, the number of codewords

is |C| = p8m(ps−ȷ), when ℑ(x) = 0 and

|C| =

p8m(ps−ȷ), If 1 ≤ ȷ ≤ ps+ℓ
2

p4m(ps−ℓ), If ps+ℓ
2

< ȷ ≤ ps − 1,

when ℑ(x) ̸= 0.

� Type 4: ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x), u(x4 − Ω0)
ζ⟩, where ℑ(x) is the

same as in Type 3, deg(ℑ) ≤ ζ − ℓ − 1, ζ < χ, and χ is the smallest

possible integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)⟩;

i.e., χ = ȷ, if ℑ(x) = 0, otherwise χ = min{ȷ, ps−ȷ+ℓ} i.e. non-principal

ideals. Also, the number of codewords is |C| = p4m(2ps−ȷ−ζ).

Proposition 5.2.2. [3] Let χ be the smallest integer such that u(x4−Ω0)
χ ∈ ⟨(x4−

Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x)⟩. Then

χ =

ȷ, if ℑ(x) = 0

min{ȷ, ps − ȷ+ ℓ}, if ℑ(x) ̸= 0

In [1, 4], the Hamming distances of all λ-constacyclic codes over Fpm of length 4ps,

where λ is a non-square unit and pm ≡ 1 (mod 4), are completely determined. We

list this result in its simple form as follows:

Theorem 5.2.3. [1, 4] Let C = ⟨(x4 − Φ0)
ȷ⟩ ⊆ Fpm [x]

⟨x4ps−Φ⟩ , for 0 ≤ ȷ ≤ ps, then the
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Hamming distance distribution dH(C) is completely given by

dH(C) =



1, if ȷ = 0

(℘+ 1)pσ, if ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1

0, if ȷ = ps

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

When Λ = Φ+ uΨ, then the Hamming distance distribution dH(C) of (Φ+ uΨ)-

constacyclic codes of length 4ps over ℜ is completely determined as follows:

Theorem 5.2.4. Let C ⊆ ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ , then C = ⟨(x4 − Φ0)
ȷ⟩, for

ȷ ∈ {0, 1, . . . , 2ps}. Then the Hamming distance distribution dH(C) is given by

dH(C) =



1, if 0 ≤ ȷ ≤ ps

(℘+ 1)pσ, if 2ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ 2ps − ps−σ + ℘ps−σ−1

0, if ȷ = 2ps

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

Proof. We consider three cases.

Case 1: If ȷ = 0 and ȷ = 2ps, then we have trivial constacyclic codes ⟨1⟩ and ⟨0⟩

having dH(C) = 1 and 0, respectively.

Case 2: 1 ≤ ȷ ≤ ps. The ring ℜΦ+uΨ is a chain ring whose ideals are ℜΦ+uΨ = ⟨1⟩ ⊋

⟨(x4 − Φ0)⟩ ⊋ · · · ⊋ ⟨(x4 − Φ0)
ps⟩ ⊋ · · · ⊋ ⟨(x4 − Φ0)

2ps⟩ = ⟨0⟩. So, clearly we have

u ∈ ⟨(x4 − Φ0)
ȷ⟩ and hence we have Hamming distance, dH(C) = 1.
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Case 3: ps + 1 ≤ ȷ ≤ 2ps − 1. Then, we have ⟨(x4 − Φ0)
ȷ⟩ = ⟨u(x4 − Φ0)

ȷ−ps⟩. So,

obviously the codewords of the code ⟨(x4 − Φ0)
ȷ⟩ in ℜΦ+uΨ are exactly the same as

the codewords of the code ⟨(x4 − Φ0)
ȷ−ps⟩ in Fpm [x]

⟨x4ps−Φ⟩ multiplied by u, having the same

Hamming weights. Moreover, the codes ⟨(x4 − Φ0)
ȷ−ps⟩ of length 4ps have Hamming

distances determined in Theorem 5.2.3.

Now, we are going to determine the Hamming distance distribution for the rest of

Λ-constacyclic codes, where Λ = Ω ∈ F∗
pm . Obviously, we know that Fpm is a subring

of ℜ. From now, we will denote dH(CF ) as the Hamming distance of the code C over

Fpm .

For each codeword c = (c0, c1, c2, . . . , cn−1) over ℜ, the polynomial representation

of c(x) is given by c(x) = ã(x) + ub̃(x), where ã(x), b̃(x) are polynomials over Fpm ,

with corresponding codewords ã = (ã0, ã1, ã2, . . . , ãn−1) and b̃ = (b̃0, b̃1, b̃2, . . . , b̃n−1),

respectively, over Fpm . As ci = ãi + ub̃i, ci = 0 if and only if ãi = b̃i = 0, hence we

can conclude that wtH(c(x)) ≥ max{wtH(ã(x)),wtH(b̃(x))}.

Now, we determine the Hamming distance for each type of Ω-constacyclic codes of

length 4ps one by one.

Obviously, the trivial ideals ⟨0⟩, ⟨1⟩ reside in Type 1, and hence, their Hamming

distances are given by 0 and 1, respectively.

The Hamming distance of Type 2 Ω-constacyclic codes can be determined as follows:

Theorem 5.2.5. Let C = ⟨u(x4 − Ω0)
ȷ⟩, 0 ≤ ȷ ≤ ps − 1 be a Ω-constacyclic code of

Type 2 of length 4ps over ℜ. Then, we have dH(C) = dH(⟨(x4 −Ω0)
ȷ⟩F ), and dH(C)
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is given by

dH(C) =


1, if ȷ = 0

(℘+ 1)pσ, if ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

Proof. We consider the following two cases

Case 1: If ȷ = 0, then trivially we have, dH(C) = 1.

Case 2: If ps − ps−σ + (℘− 1)ps−σ−1 +1 ≤ ȷ ≤ ps − ps−σ +℘ps−σ−1, then for a Type

2 code C = ⟨u(x4 − Ω0)
ȷ⟩, 0 ≤ ȷ ≤ ps − 1, the codewords of the code C are exactly

same as the codewords of the Ω-constacyclic codes ⟨(x4−Ω0)
ȷ⟩ in Fpm [x]

⟨x4ps−Ω⟩ multiplied

by u. Thus, we get dH(C) = dH(⟨(x4 −Ω0)
ȷ⟩F ) and are given by Theorem 5.2.3.

Now, we discuss the Hamming distance of Type 3 Ω-constacyclic codes of length 4ps.

Theorem 5.2.6. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x)⟩ be a Ω-constacyclic code

of Type 3 of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ and either ℑ(x) is

a unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0. Then, we have dH(C) = dH(⟨(x4 − Ω0)
χ⟩F ), where χ is the

smallest integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)⟩, which is

given by

χ =

ȷ, if ℑ(x) = 0

min{ȷ, ps − ȷ+ ℓ}, if ℑ(x) ̸= 0

and is determined by

dH(C) = (℘+ 1)pσ,
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where ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1, 1 ≤ ℘ ≤ p− 1 and

0 ≤ σ ≤ s− 1.

Proof. Since χ is the smallest integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 −

Ω0)
ℓℑ(x)⟩, we have,

dH(C) ≤ dH(⟨u(x4 − Ω0)
χ⟩) = dH(⟨(x4 − Ω0)

χ⟩F ).

Now, let us take an arbitrary polynomial c(x) ∈ C. So, there exist two polynomials,

f0(x) and fu(x) over Fpm such that

c(x) = [f0(x) + ufu(x)][(x
4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)]

= f0(x)(x
4 − Ω0)

ȷ + u[f0(x)(x
4 − Ω0)

ℓℑ(x)

+ fu(x)(x
4 − Ω0)

ȷ].

Now, we consider two cases as follows:

Case 1: When ℑ(x) = 0, then we have

wtH(c(x))

≥ max
{
wtH(f0(x)(x

4 − Ω0)
ȷ),wtH(fu(x)(x

4 − Ω0)
ȷ)
}

≥ wtH(f0(x)(x
4 − Ω0)

ȷ)

≥ dH(⟨(x4 − Ω0)
ȷ⟩F ),

= dH(⟨(x4 − Ω0)
χ⟩F ).
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Case 2: When ℑ(x) ̸= 0, then we have

wtH(c(x))

≥ wtH(u · c(x))

= wtH(uf0(x)(x
4 − Ω0)

ȷ)

≥ dH(⟨(x4 − Ω0)
ȷ⟩F ),

≥ dH(⟨(x4 − Ω0)
χ⟩F ),

since ⟨(x4 − Ω0)
ȷ⟩F ⊆ ⟨(x4 − Ω0)

χ⟩F . Hence, by combining both the cases, we get

dH(⟨(x4 − Ω0)
χ⟩F ) ≤ dH(C), which implies that, dH(⟨(x4 − Ω0)

χ⟩F ) = dH(C).

Next, we compute the Hamming distance of Type 4 Ω-constacyclic codes as follows:

Theorem 5.2.7. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x), u(x4 − Ω0)
ζ⟩ be a Ω-

constacyclic code of Type 4 of length 4ps over ℜ, where ℑ(x) is the same as given in

Type 3, deg(ℑ) ≤ ζ − ℓ − 1, ζ < χ, and χ is the smallest possible integer such that

u(x4 −Ω0)
χ ∈ ⟨(x4 −Ω0)

ȷ + u(x4 −Ω0)
ℓℑ(x)⟩; i.e., χ = ȷ, if ℑ(x) = 0 and otherwise

χ = min{ȷ, ps − ȷ+ ℓ}. Then, we have dH(C) = dH(⟨(x4 − Ω0)
ζ⟩F ), and is given by

dH(C) = (℘+ 1)pσ,

where ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ ζ ≤ ps − ps−σ + ℘ps−σ−1, 1 ≤ ℘ ≤ p− 1 and

0 ≤ σ ≤ s− 1.

Proof. Clearly, we have C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x), u(x4 − Ω0)
ζ⟩ ⊇ ⟨u(x4 −

Ω0)
ζ⟩ ⊇ ⟨u(x4 − Ω0)

ȷ⟩, since ζ < χ ≤ ȷ. Thus, dH(C) ≤ dH(⟨u(x − Ω0)
ζ⟩) =

dH(⟨(x4 − Ω0)
ζ⟩F ). To prove that dH(⟨(x4 − Ω0)

ζ⟩F ) ≤ dH(C), we take an arbitrary

polynomial c(x) ∈ C and proceed to show that wtH(c(x)) ≥ dH(⟨(x4−Ω0)
ζ⟩F ). Now,
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there exist polynomials f0(x), fu(x), g0(x) and gu(x) over Fpm such that

c(x) = [f0(x) + ufu(x)][(x
4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)]

+ u(x4 − Ω0)
ζ [g0(x) + ugu(x)]

= f0(x)(x
4 − Ω0)

ȷ + u[f0(x)(x
4 − Ω0)

ℓℑ(x)

+ fu(x)(x
4 − Ω0)

ȷ + g0(x)(x
4 − Ω0)

ζ ]

= f ′
0(x)(x

4 − Ω0)
ζ + u[f0(x)(x

4 − Ω0)
ℓℑ(x)

+ g′0(x)(x
4 − Ω0)

ζ ]

where f ′
0(x) = f0(x)(x

4−Ω0)
ȷ−ζ ∈ Fpm [x], g

′
0(x) = fu(x)(x

4−Ω0)
ȷ−ζ+g0(x) ∈ Fpm [x].

Hence,

wtH(c(x)) ≥ wtH(u · c(x))

≥ wtH(uf
′
0(x)(x

4 − Ω0)
ζ)

≥ dH(⟨(x4 − Ω0)
ζ⟩F )

We provide some examples of Λ-constacyclic codes with new parameters of length

4ps over ℜ = Fpm + uFpm , where Λ ∈ ℜ∗.

Example 5.2.8. We present some examples of (Φ+uΨ)-constacyclic and Ω-constacyclic

codes of length 4ps over Fpm + uFpm , where Φ,Ψ,Ω ∈ F∗
p. In Table 6, we consider

p = 5,m = 3, s = 1 and 2 and in Table 7, we compute examples by considering

p = 13,m = 1, s = 1 and 2.

Table 6. Λ-constacyclic codes over F53 + uF53 of length 4ps
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n Λ ⟨g(x)⟩ [n,M, dH ]

20 (2 + 4u) ⟨(x4 − 2)2⟩ [20, 596, 1]

20 (3 + u) ⟨(x4 − 3)8⟩ [20, 524, 5]

20 3 ⟨u(x4 − 3)⟩ [20, 548, 2]

20 2 ⟨(x4 − 2)2 + u⟩ [20, 572, 3]

20 2 ⟨(x4 − 2)4, u(x4 − 2)3⟩ [20, 536, 4]

100 (3 + 2u) ⟨(x4 − 3)49⟩ [100, 512, 25]

100 2 ⟨u(x4 − 2)23⟩ [100, 524, 20]

100 3 ⟨(x4 − 3)3⟩ [100, 5528, 4]

100 3 ⟨(x4 − 3)24 + u(x4 − 3), u(x4 − 3)21⟩ [100, 560, 10]
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Table 7. Λ-constacyclic codes over F13 + uF13 of length 4ps

n Λ ⟨g(x)⟩ [n,M, dH ]

52 (11 + 7u) ⟨(x4 − 11)25⟩ [52, 134, 13]

52 (5 + 12u) ⟨(x4 − 5)2⟩ [52, 1396, 1]

52 8 ⟨u(x4 − 8)9⟩ [52, 1316, 10]

52 2 ⟨(x4 − 2)6⟩ [52, 1356, 7]

52 7 ⟨(x4 − 7)4 + u, u(x4 − 7)3⟩ [52, 1376, 4]

676 (6 + 8u) ⟨1⟩ [676, 131352, 1]

676 2 ⟨u(x4 − 2)168⟩ [676, 134, 156]

676 8 ⟨(x4 − 8)15 + u(x4 − 8)2⟩ [676, 131232, 16]

676 11 ⟨(x4 − 11)24, u(x4 − 11)10⟩ [676, 135272, 11]

5.3 MDS Codes with respect to Hamming Dis-

tance

In [5], Norton et al. discussed the Singleton bound for finite chain ring ℜ with respect

to the Hamming distance dH(C), which is given as |C| ≤ |ℜ|n−dH(C)+1.

Corollary 5.3.1. (Singleton Bound with respect to Hamming Distance)[5] Let C be

a linear code of length n over ℜ with Hamming distance dH(C). Then, the Singleton

bound with respect to the Hamming distance dH(C) is given by |C| ≤ p2m(n−dH(C)+1).

Definition 5.3.2. Let C be a linear code of length n over ℜ. Then, C is said to be

a maximum distance separable (MDS) code with respect to the Hamming distance

if it attains the Singleton bound.

In this section, we explore all MDS codes of length 4ps. First, we consider the case

when Λ is a unit of the form Λ = (Φ+uΨ).We identify the MDS (Φ+uΨ)-constacyclic

codes of length 4ps as follows:
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Theorem 5.3.3. Let C = ⟨(x4 − Φ0)
ȷ⟩ ⊆ ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ be a (Φ + uΨ)-constacyclic

code of length 4ps over ℜ. Then, the only MDS code for the Hamming distance is

the ambient ring ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ itself.

Proof. Let C be a (Φ + uΨ)-constacyclic code of length 4ps over ℜ. From Theorem

5.2.1, we have |C| = p4m(2ps−ȷ).

Case 1: When 0 ≤ ȷ ≤ ps, then the Hamming distance is dH(C) = 1 by Theo-

rem 5.2.4. Then, C is MDS if and only if |C| = p2m(4ps−dH(C)+1) i.e., p4m(2ps−ȷ) =

p2m(4ps−1+1) i.e., 4ps − 2ȷ = 4ps i.e., ȷ = 0. Hence, C = ⟨1⟩ is an MDS (Φ + uΨ)-

constacyclic code of length 4ps over ℜ.

Case 2: When 2ps−ps−σ+(℘−1)ps−σ−1+1 ≤ ȷ ≤ 2ps−ps−σ+℘ps−σ−1, then the Ham-

ming distance is dH(C) = (℘+1)pσ. So, C is MDS if and only if |C| = p2m(4ps−dH(C)+1)

i.e., p4m(2ps−ȷ) = p2m(4ps−dH(C)+1) i.e., 4ps−2ȷ = 4ps−dH(C)+1 i.e., 2ȷ = dH(C)−1.

Now, we have

ȷ ≥ 2ps − ps−σ + (℘− 1)ps−σ−1 + 1

≥ 2pσ+1 − p+ (℘− 1) + 1 (equality when σ = s− 1)

≥ 2(℘+ 1)pσ − (℘+ 1) + (℘− 1) + 1

(equality when p− 1 = ℘)

= 2dH(C)− 1.

So, 2ȷ ≥ 2(2dH(C)− 1) > dH(C)− 1.

Thus, MDS code does not exist in this case.

Case 3: When ȷ = 2ps, then C = ⟨0⟩, and dH(C) = 0. For C to be MDS we must

have |C| = p2m(4ps−dH(C)+1) i.e., 1 = p2m(4ps+1) i.e., 4ps + 1 = 0, which is a not true

for any p and s. Thus, there is no MDS code in this case.
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Next, we consider the case when Λ is a unit of the form Λ = Ω ∈ F∗
pm . In this case,

we identify the MDS codes for each type of Ω-constacyclic codes one by one. First,

we consider the Ω-constacyclic codes of length 4ps of Type 1.

Theorem 5.3.4. Let C be a Ω-constacyclic code of Type 1 of length 4ps over ℜ, then

the only MDS code is ⟨1⟩.

Proof. Case 1: If C = ⟨0⟩, then the Hamming distance is dH(C) = 0. For C to be

MDS we must have, |C| = p2m(4ps−dH(C)+1) i.e., 1 = p2m(4ps+1) i.e., 4ps+1 = 0, which

is not true for any p and s.

Case 2: If C = ⟨1⟩, then dH(C) = 1. For C to be MDS we must have |C| =

p2m(4ps−dH(C)+1) i.e., p8mps = p2m(4ps−1+1), which is true for all p and s. Thus, the

code C is MDS in this case.

Now we examine the MDS condition for Type 2 Ω-constacyclic codes.

Theorem 5.3.5. Let C = ⟨u(x4−Ω0)
ȷ⟩ be a Ω-constacyclic code of Type 2 of length

4ps over ℜ, where 0 ≤ ȷ ≤ ps − 1 , then no MDS codes exist.

Proof. Case 1: If ȷ = 0, then dH(C) = 1. For C to be MDS we must have |C| =

p2m(4ps−dH(C)+1) i.e., p4mps = p2m(4ps−dH(C)+1) i.e., p4mps = p8mps , which is not true for

any p,m, and s. Thus, C is not MDS for ȷ = 0.

Case 2: If ps − ps−σ + (℘ − 1)ps−σ−1 + 1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1, then we

have Hamming distance dH = (℘ + 1)pσ. So, C is an MDS code if and only if

|C| = p2m(4ps−dH(C)+1) i.e., p4m(ps−ȷ) = p2m(4ps−dH(C)+1) i.e., 2ȷ = dH(C)− 2ps − 1.
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Now,

ȷ ≥ ps − ps−σ + (℘− 1)ps−σ−1 + 1

≥ pσ+1 − p+ (℘− 1) + 1 (equality when σ = s− 1)

≥ (℘+ 1)pσ − (℘+ 1) + (℘− 1) + 1 (equality when p− 1 = ℘)

= dH(C)− 1.

So, we have

2ȷ ≥ 2(dH(C)− 1)

= 2(dH(C)− ps − 1) + 2ps

= (dH(C)− 2ps − 1) + dH(C) + 2ps − 1

> dH(C)− 2ps − 1.

Thus, there is no MDS code in this case.

Here, we consider the Ω-constacyclic codes of Type 3 to verify the MDS condition

for these codes.

Theorem 5.3.6. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x)⟩, be a Ω-constacyclic code

of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ, and either ℑ(x) is a unit in

Fpm [x]

⟨x4ps−Ω⟩ or 0. Then, there is no MDS code.

Proof. We consider two cases as follows:

Case 1: If ℑ(x) = 0 and ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1,

then we have dH(C) = (℘+ 1)pσ. So, C is MDS if and only if |C| = p2m(4ps−dH(C)+1)

i.e., p8m(ps−ȷ) = p2m(4ps−dH(C)+1) i.e., 4ȷ = dH(C)− 1 i.e., 4χ = dH(C)− 1.
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Now,

χ ≥ ps − ps−σ + (℘− 1)ps−σ−1 + 1

≥ pσ+1 − p+ (℘− 1) + 1 (equality when σ = s− 1)

≥ (℘+ 1)pσ − (℘+ 1) + (℘− 1) + 1

(equality when p− 1 = ℘)

= dH(C)− 1.

So, 4χ ≥ 4(dH(C)− 1) > dH(C)− 1. Thus, MDS code does not exist in this case.

Case 2: If ℑ(x) ̸= 0 and ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1,

we have the following subcases:

Subcase 2.1: If 1 ≤ ȷ ≤ ps+ℓ
2

, then χ = ȷ. Also, C is MDS if and only if |C| =

p2m(4ps−dH(C)+1) i.e., p8m(ps−ȷ) = p2m(4ps−dH(C)+1) i.e., 4ȷ = dH(C) − 1 i.e., 4χ =

dH(C)− 1. Now,

χ ≥ ps − ps−σ + (℘− 1)ps−σ−1 + 1

≥ pσ+1 − p+ (℘− 1) + 1 (equality when σ = s− 1)

≥ (℘+ 1)pσ − (℘+ 1) + (℘− 1) + 1

(equality when p− 1 = ℘)

= dH(C)− 1.

So, χ ≥ 4(dH(C)− 1) > dH(C)− 1. Thus, MDS code does not exist in this case.

Subcase 2.2: If ps+ℓ
2

< ȷ ≤ ps−1, then χ = ps− ȷ+ ℓ. Also, C is MDS if and only if

|C| = p2m(4ps−dH(C)+1) i.e., p4m(ps−ℓ) = p2m(4ps−dH(C)+1) i.e., 2ℓ = dH(C)− 2ps− 1 i.e.,
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2ps + 2ℓ = dH(C)− 1 i.e., 2ps − 2ȷ+ 2ℓ = dH(C)− 2ȷ− 1 i.e., 2χ = dH(C)− 2ȷ− 1.

Also, we have

2χ ≥ 2(dH(C)− 1)

≥ 2(dH(C)− 2ȷ− 1) + 4ȷ

> dH(C)− 2ȷ− 1.

Thus, there is no MDS code in this case.

Finally, we explore the MDS Ω-constacyclic codes of Type 4.

Theorem 5.3.7. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x), u(x4 − Ω0)
ζ⟩, be a Ω-

constacyclic code of Type 4 of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ,

either ℑ(x) is a unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0, deg(ℑ) ≤ ζ−ℓ−1, ζ < χ, and χ is the smallest

possible integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)⟩; i.e. χ = ȷ,

if ℑ(x) = 0, otherwise χ = min{ȷ, ps − ȷ+ ℓ}. Then, there is no MDS code.

Proof. If ps − ps−σ + (℘ − 1)ps−σ−1 + 1 ≤ ζ ≤ ps − ps−σ + ℘ps−σ−1, then Hamming

distance is dH = (℘ + 1)pσ. So, C is MDS if and only if |C| = p2m(4ps−dH(C)+1) i.e.,
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p4m(2ps−ȷ−ζ) = p2m(4ps−dH(C)+1) i.e., 2ζ = dH(C)− 2ȷ− 1. Now,

ζ ≥ ps − ps−σ + (℘− 1)ps−σ−1 + 1

≥ pσ+1 − p+ (℘− 1) + 1 (equality when σ = s− 1)

≥ (℘+ 1)pσ − (℘+ 1) + (℘− 1) + 1

(equality when p− 1 = ℘)

= dH(C)− 1.

So, 2ζ ≥ 2(dH(C)− 2ȷ− 1) + 4ȷ

> 2(dH(C)− 2ȷ− 1) (as ȷ > 0)

> (dH(C)− 2ȷ− 1).

Thus, MDS code does not exist in this case.

5.4 b-symbol Distance of C over ℜ

Recently, in [2], Dinh et al. provided the b-symbol distance for C = ⟨(xη −Λ0)
ȷ⟩, for

0 ≤ ȷ ≤ ps, and b ≤ η over Fpm , where (x
η −Λ0) is irreducible. We are writing those

results for η = 4 as follows:

Theorem 5.4.1. [2] Let C = ⟨(x4−Φ0)
ȷ⟩ ⊆ Fpm [x]

⟨x4ps−Φ⟩ , for 0 ≤ ȷ ≤ ps, then for b ≤ 4,
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the b-symbol distance distribution db(C) is completely given by

db(C) =



b, if ȷ = 0

b(℘+ 1)pσ, if ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1

0, if ȷ = ps

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

The statements and proofs of Theorems 5.2.4, 5.2.5, 5.2.6, 5.2.7 for Hamming dis-

tances work the same way for b-symbol distances, providing the b-symbol distances

of all (Φ + uΨ)-constacyclic codes and Ω-constacyclic codes of length 4ps over ℜ.

Theorem 5.4.2. Let C ⊆ ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ , then C = ⟨(x4 − Φ0)
ȷ⟩ for

ȷ ∈ {0, 1, . . . , 2ps}. Then the b-symbol distance distribution db(C) is given by

db(C) =



b, if 0 ≤ ȷ ≤ ps

b(℘+ 1)pσ, if 2ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ 2ps − ps−σ + ℘ps−σ−1

0, if ȷ = 2ps

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

Now, we determine the b-symbol distance for each type of Ω-constacyclic code of

length 4ps in the following theorems.

Obviously, the trivial ideals ⟨0⟩, ⟨1⟩ reside in Type 1, and hence, their b-symbol

distances are given by 0 and b respectively.
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The b-symbol distance of Type 2 Ω-constacyclic code can be determined as follows:

Theorem 5.4.3. Let C = ⟨u(x4 − Ω0)
ȷ⟩, 0 ≤ ȷ ≤ ps − 1 be a Ω-constacyclic code of

Type 2 of length 4ps over ℜ. Then, we have db(C) = db(⟨(x4 −Ω0)
ȷ⟩F ), and db(C) is

given by

db(C) =


b, if ȷ = 0

b(℘+ 1)pσ, if ps − ps−σ + (℘− 1)ps−σ−1

+1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1

where 1 ≤ ℘ ≤ p− 1, 0 ≤ σ ≤ s− 1.

Now, we discuss the b-symbol distance of Type 3 Ω-constacyclic codes of length 4ps.

Theorem 5.4.4. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x)⟩ be a Ω-constacyclic code

of Type 3 of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ and either ℑ(x) is

a unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0. Then, we have db(C) = db(⟨(x4 − Ω0)
χ⟩F ), where χ is the

smallest integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)⟩, which is

given by

χ =

ȷ, if ℑ(x) = 0

min{ȷ, ps − ȷ+ ℓ}, if ℑ(x) ̸= 0

and is determined by

db(C) = b(℘+ 1)pσ,

where ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1, 1 ≤ ℘ ≤ p− 1 and

0 ≤ σ ≤ s− 1.

Next, we compute the b-symbol distance of Type 4 Ω-constacyclic codes as follows:
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Theorem 5.4.5. Let C = ⟨(x4 − Ω0)
ȷ + u(x4 − Ω0)

ℓℑ(x), u(x4 − Ω0)
ζ⟩ be a Ω-

constacyclic code of Type 4 of length 4ps over ℜ, where ℑ(x) is same as given in

Type 3, deg(ℑ) ≤ ζ − ℓ − 1, ζ < χ, and χ is the smallest possible integer such that

u(x4 −Ω0)
χ ∈ ⟨(x4 −Ω0)

ȷ + u(x4 −Ω0)
ℓℑ(x)⟩; i.e., χ = ȷ, if ℑ(x) = 0 and otherwise

χ = min{ȷ, ps − ȷ+ t}. Then, we have db(C) = db(⟨(x4 − Ω0)
ζ⟩F ), and is given by

db(C) = b(℘+ 1)pσ,

where ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ ζ ≤ ps − ps−σ + ℘ps−σ−1, 1 ≤ ℘ ≤ p− 1 and

0 ≤ σ ≤ s− 1.

Example 5.4.6. We present some examples of b-symbol (Φ + uΨ)-constacyclic and

b-symbol Ω-constacyclic codes of length 4ps over Fpm +uFpm , where Φ,Ψ,Ω ∈ F∗
p. In

Table 8, we compute the b-symbol distances for p = 5,m = 2, s = 1 and 2, and b ≤ 4

and in Table 9, b-symbol distances have been computed by taking p = 13,m = 1, s =

1 and 2, and b ≤ 4. We have MDS b-constacyclic codes of length 4ps over Fpm +uFpm

denoted by (∗) in Table 8 and 9.

Table 8. b-symbol Λ-constacyclic codes over F52 + uF52 of length 4ps

n b Λ ⟨g(x)⟩ [n,M, db]

20 2 (2 + 4u) ⟨(x4 − 2)2⟩ [20, 564, 2]

20 4 (3 + u) ⟨(x4 − 3)8⟩ [20, 516, 20]

20 3 3 ⟨u(x4 − 3)⟩ [20, 532, 6]

20 4 2 ⟨(x4 − 2)2 + u⟩ [20, 548, 12]∗

20 3 2 ⟨(x4 − 2)4, u(x4 − 2)3⟩ [20, 524, 12]

100 3 (3 + 2u) ⟨(x4 − 3)49⟩ [100, 58, 75]

100 2 2 ⟨u(x4 − 2)23⟩ [100, 516, 40]

100 4 3 ⟨(x4 − 3)24⟩ [100, 516, 100]∗

100 4 3 ⟨(x4 − 3)24 + u(x4 − 3), u(x4 − 3)21⟩ [100, 540, 40]
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Table 9. b-symbol Λ-constacyclic codes over F13 + uF13 of length 4ps

n b Λ ⟨g(x)⟩ [n,M, db]

52 2 (11 + 7u) ⟨(x4 − 11)25⟩ [52, 134, 26]

52 4 (5 + 12u) ⟨(x4 − 5)2⟩ [52, 1396, 4]

52 3 8 ⟨u(x4 − 8)9⟩ [52, 1316, 30]

52 4 2 ⟨(x4 − 2)6⟩ [52, 1356, 28]∗

52 2 7 ⟨(x4 − 7)4 + u, u(x4 − 7)3⟩ [52, 1376, 8]

676 4 (6 + 8u) ⟨1⟩ [676, 131352, 4]

676 2 2 ⟨u(x4 − 2)168⟩ [676, 134, 312]

676 4 8 ⟨(x4 − 8)1 + u⟩ [676, 131344, 8]∗

676 2 11 ⟨(x4 − 11)24, u(x4 − 11)10⟩ [676, 131216, 22]

5.5 MDS Codes with respect to b-symbol Distance

Theorem 5.5.1. (Singleton Bound with respect to b-symbol distance)[6] Let C be

a linear b-symbol code of length n over ℜ with b-symbol distance db(C). Then,

the Singleton bound with respect to the b-symbol distance db(C) is given by |C| ≤

p2m(n−db(C)+b).

Proof. Suppose that C is an (n,M, db(C)) b-symbol code with b ≤ db(C) ≤ n. After

deleting the last db(C)− b coordinates from all the codewords in C, we observe that

any db(C)− b consecutive coordinates contribute at most db(C)− 1 to the b-symbol

distance. Thus, since C has b-symbol distance db(C), so the resulting codewords

of length n − db(C) + b are still distinct. The conclusion follows from the fact

that the maximum number of distinct codewords of length n − db(C) + b over ℜ is

p2m(n−db(C)+b).
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Definition 5.5.2. Let C be a b-symbol linear code of length n over ℜ. Then, C is

said to be an MDS b-symbol code with respect to the b-symbol distance if it attains

the Singleton bound.

In this section, we explore all MDS b-symbol codes for b ≤ 4 of length 4ps. First, we

consider the case when Λ is a unit of the form Λ = (Φ + uΨ). We identify the MDS

b-symbol (Φ + uΨ)-constacyclic codes of length 4ps as follows:

Theorem 5.5.3. Let C = ⟨(x4 − Φ0)
ȷ⟩ ⊆ ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ be a (Φ + uΨ)-constacyclic

code of length 4ps over ℜ. Then, for b ≤ 4, the only MDS b-symbol code is the

ambient ring ℜΦ+uΨ = ℜ[x]

⟨x4ps−(Φ+uΨ)⟩ itself.

Proof. Let C be a (Φ + uΨ)-constacyclic code of length 4ps over ℜ. From Theorem

5.2.1, we have |C| = p4m(2ps−ȷ).

Case 1: When 0 ≤ ȷ ≤ ps, then the b-symbol distance is db(C) = b by Theorem 5.4.2.

Then, C is MDS if and only if |C| = p2m(4ps−db(C)+b) i.e., p4m(2ps−ȷ) = p2m(4ps−b+b) i.e.,

4ps− 2ȷ = 4ps i.e., ȷ = 0. Hence, C = ⟨1⟩ is an MDS b-symbol (Φ+uΨ)-constacyclic

code of length 4ps over ℜ.

Case 2: When 2ps − ps−σ + (℘ − 1)ps−σ−1 + 1 ≤ ȷ ≤ 2ps − ps−σ + ℘ps−σ−1, then

the b-symbol distance is db(C) = b(℘ + 1)pσ. So, C is MDS if and only if |C| =

p2m(4ps−db(C)+b) i.e., p4m(2ps−ȷ) = p2m(4ps−db(C)+b) i.e., 4ps − 2ȷ = 4ps − db(C) + b i.e.,
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2ȷ = db(C)− b. Now, we have

2ȷ ≥ 2(2ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 4pσ+1 − 2p+ 2(℘− 1) + 2 (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 2(℘+ 1) + 2(℘− 1) + 2

(equality when p− 1 = ℘)

≥ b(℘+ 1)pσ − b+ 2 (equality when b = 4)

So, 2ȷ > (db(C)− b)

Thus, MDS b-symbol code does not exist in this case.

Case 3: When ȷ = 2ps, then C = ⟨0⟩, and db(C) = 0. For C to be MDS we must

have |C| = p2m(4ps−db(C)+b) i.e., 1 = p2m(4ps+b) i.e., 4ps + b = 0, which is not true for

any p and s. Thus, there is no MDS b-symbol code in this case.

Next, we consider the case when Λ is a unit of the form Λ = Ω ∈ F∗
pm . In this case,

we identify the MDS b-symbol codes for each type of Ω-constacyclic codes one by

one. First, we consider the b-symbol Ω-constacyclic codes of length 4ps of Type 1.

Theorem 5.5.4. Let C be a b-symbol Ω-constacyclic code of Type 1 of length 4ps

over ℜ, then, for b ≤ 4, the only MDS b-symbol code is ⟨1⟩.

Proof. Case 1: If C = ⟨0⟩, then the b-symbol distance is db(C) = 0. For C to be

MDS we must have, |C| = p2m(4ps−db(C)+b) i.e., 1 = p2m(4ps+b) i.e., 4ps + b = 0, which

is not true for any p and s.

Case 2: If C = ⟨1⟩, then db(C) = b. For C to be MDS we must have |C| =

p2m(4ps−db(C)+b) i.e., p8mps = p2m(4ps−b+b), which is true for all p and s. Thus, the code

C is MDS in this case.
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Now we examine the MDS condition for Type 2 b-symbol Ω-constacyclic codes.

Theorem 5.5.5. Let C = ⟨u(x4 −Ω0)
ȷ⟩ be a b-symbol Ω-constacyclic code of Type 2

of length 4ps over ℜ, where 0 ≤ ȷ ≤ ps − 1 , then, for b ≤ 4, no MDS b-symbol codes

exist.

Proof. Case 1: If ȷ = 0, then db(C) = b. For C to be MDS we must have |C| =

p2m(4ps−db(C)+b) i.e., p4mps = p2m(4ps−db(C)+b) i.e., p4mps = p8mps , which is not true for

any p,m, and s. Thus, C is not MDS for ȷ = 0.

Case 2: If ps − ps−σ + (℘ − 1)ps−σ−1 + 1 ≤ ȷ ≤ ps − ps−σ + ℘ps−σ−1, then we

have b-symbol distance db(C) = b(℘ + 1)pσ. So, C is an MDS code if and only if

|C| = p2m(4ps−db(C)+b) i.e., p4m(ps−ȷ) = p2m(4ps−db(C)+b) i.e., 2ȷ = db(C)− 2ps − b.

Now,

2ȷ ≥ 2(ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 2pσ+1 − 2p+ 2(℘− 1) + 2 (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 2ps − 2(℘+ 1) + 2(℘− 1) + 2

(equality when p− 1 = ℘)

≥ db(C)− 2ps − b+ 2 (equality when b = 4)

> db(C)− 2ps − b.

Thus, there is no MDS b-symbol code in this case.

Here, we consider the b-symbol Ω-constacyclic codes of Type 3 to verify the MDS

condition for these codes.

Theorem 5.5.6. Let C = ⟨(x4−Ω0)
ȷ+u(x4−Ω0)

ℓℑ(x)⟩, be a b-symbol Ω-constacyclic

code of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ, and either ℑ(x) is a
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unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0. Then, for b ≤ 4, there are MDS b-symbol code C for which χ

is such that any one of the following conditions holds true:

� If ℑ(x) = 0

– If s = 1, and b = 4 then db(C) = b(χ+ 1) for 1 ≤ χ ≤ p− 1.

– If s ≥ 2, then

1. χ = 1, and b = 4 then db(C) = 2b,

2. χ = ps − 1, and b = 4 then db(C) = bps.

� If ℑ(x) ̸= 0

– If s = 1, and b = 4 then db(C) = b(χ+ 1) for 1 ≤ χ ≤ p− 1.

– If s ≥ 2, then

1. χ = 1, and b = 4 then db(C) = 2b,

2. χ = ps − 1, r = ps − 2, and b = 4 then db(C) = bps.

.

Proof. We consider two cases as follows:

Case 1: If ℑ(x) = 0 and ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1,

then we have db(C) = b(℘+ 1)pσ. So, C is MDS if and only if |C| = p2m(4ps−db(C)+b)

i.e., p8m(ps−ȷ) = p2m(4ps−db(C)+b) i.e., 4ȷ = db(C)− b i.e., 4χ = db(C)− b.
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Now,

4χ ≥ 4(ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 4(pσ+1 − p+ (℘− 1) + 1) (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 4(℘+ 1) + 4(℘− 1) + 4

(equality when p− 1 = ℘)

≥ db(C)− b (equality when b = 4)

So, C is an MDS b-symbol constacyclic code if and only if s = 1 and b = 4 (in such

case, ȷ = ℘, db(C) = 4(℘ + 1)), or ℘ = 1, σ = 0 and b = 4 (in such case, ȷ = 1,

db(C) = 2b), or ℘ = p−1, σ = s−1, and b = 4 (in such case, ȷ = ps−1, db(C) = bps).

Case 2: If ℑ(x) ̸= 0 and ps − ps−σ + (℘− 1)ps−σ−1 + 1 ≤ χ ≤ ps − ps−σ + ℘ps−σ−1,

we have the following subcases:

Subcase 2.1: If 1 ≤ ȷ ≤ ps+ℓ
2

, then χ = ȷ. Also, C is MDS if and only if |C| =

p2m(4ps−db(C)+b) i.e., p8m(ps−ȷ) = p2m(4ps−db(C)+b) i.e., 4ȷ = db(C)−b i.e., 4χ = db(C)−b.

Now,

4χ ≥ 4(ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 4pσ+1 − 4p+ 4(℘− 1) + 4 (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 4(℘+ 1) + 4(℘− 1) + 4

(equality when p− 1 = ℘)

= db(C)− b (equality when b = 4)

So, C is an MDS b-symbol constacyclic code if and only if s = 1 and b = 4 (in such

case, ȷ = ℘, db(C) = 4(℘ + 1)), or ℘ = 1, σ = 0 and b = 4 (in such case, ȷ = 1,
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db(C) = 2b), or ℘ = p− 1, σ = s− 1, and b = 4 (in such case, ȷ = ps − 1, ℓ = ps − 2,

db(C) = bps).

Subcase 2.2: If ps+ℓ
2

< ȷ ≤ ps − 1, then χ = ps − ȷ+ ℓ. Also, C is MDS if and only

if |C| = p2m(4ps−db(C)+b) i.e., p4m(ps−ℓ) = p2m(4ps−db(C)+b) i.e., 2ℓ = db(C)− 2ps − b i.e.,

2ps + 2ℓ = db(C) − b i.e., 2ps − 2ȷ + 2ℓ = db(C) − 2ȷ − b i.e., 2χ = db(C) − 2ȷ − b.

Also, we have

2χ ≥ 2(ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 2pσ+1 − 2p+ 2(℘− 1) + 2 (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 2ps − 2(℘+ 1) + 2(℘− 1) + 2

(equality when p− 1 = ℘)

≥ db(C)− 2ps − b+ 2 (equality when b = 4)

≥ db(C)− 2(ȷ+ 1)− b+ 2.

≥ db(C)− 2ȷ− b.

Therefore, C is an MDS b-symbol constacyclic code if and only if ℘ = p−1, σ = s−1,

and b = 4 (in such case, ȷ = ps − 1, ℓ = ps − 2, db(C) = bps).

Finally, we explore the MDS Ω-constacyclic codes of Type 4.

Theorem 5.5.7. Let C = ⟨(x4−Ω0)
ȷ+u(x4−Ω0)

ℓℑ(x), u(x4−Ω0)
ζ⟩, be a b-symbol

Ω-constacyclic code of Type 4 of length 4ps over ℜ, where 1 ≤ ȷ ≤ ps − 1, 0 ≤ ℓ < ȷ,

either ℑ(x) is a unit in
Fpm [x]

⟨x4ps−Ω⟩ or 0, deg(ℑ) ≤ ζ−ℓ−1, ζ < χ, and χ is the smallest

possible integer such that u(x4 − Ω0)
χ ∈ ⟨(x4 − Ω0)

ȷ + u(x4 − Ω0)
ℓℑ(x)⟩; i.e. χ = ȷ,

if ℑ(x) = 0, otherwise χ = min{ȷ, ps − ȷ+ ℓ}. Then, there is no MDS b-symbol code

for b ≤ 4.
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Proof. If ps − ps−σ + (℘ − 1)ps−σ−1 + 1 ≤ ζ ≤ ps − ps−σ + ℘ps−σ−1, then b-symbol

distance is db(C) = b(℘ + 1)pσ. So, C is MDS if and only if |C| = p2m(4ps−db(C)+b)

i.e., p4m(2ps−ȷ−ζ) = p2m(4ps−db(C)+b) i.e., 2ζ = db(C)− 2ȷ− b. Now,

2ζ ≥ 2(ps − ps−σ + (℘− 1)ps−σ−1 + 1)

≥ 2pσ+1 − 2p+ 2(℘− 1) + 2 (equality when σ = s− 1)

≥ 4(℘+ 1)pσ − 2pσ+1 − 2(℘+ 1) + 2(℘− 1) + 2

(equality when p− 1 = ℘)

≥ db(C)− 2ps − 2

(equality when b = 4)

≥ db(C)− 2ȷ− b

So, when ζ = ps − 1, ȷ = ps − 1 and b = 4, then db(C) = db(⟨(x4 − Ω0)
ζ⟩F ) = 4ps.

Also, we have db(C)− 2ȷ− b = 4ps − 2(ps − 1) + 4 = 2(ps − 1) = 2ζ. Thus, equality

holds for ζ = ps − 1.

However, ζ < χ ≤ ps − 1, which implies that 2ζ > db(C)− 2ȷ− b.

Therefore, MDS b-symbol code does not exist in this case.

5.6 Conclusion

The multi-symbol distances of several classes of repeated-root constacyclic codes over

the finite ring ℜ are determined. Using various types of distance distributions, we

explored some novel MDS code classes as an application. For any non-square unit

Λ of ℜ, the Hamming and b-symbol distances of all Λ-constacyclic codes of length

4ps over ℜ are completely determined. As examples, several good codes with new
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parameters are provided. We also identify all MDS constacyclic codes of length 4ps

over ℜ with respect to the Hamming distance as well as the b-symbol distance. Some

non-trivial MDS b-symbol Type 3, Ω-constacyclic codes of length 4ps codes over ℜ

are constructed with respect to b-symbol distance for b = 4.
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