Chapter 3

On Symbol-Pair Distances of
Constacyclic Codes of Length 4p°

over IF'pm

3.1 Introduction

In this Chapter, we obtain the symbol-pair distances of A-constacyclic codes of length
4p® over F,m for Cases 1, 2, and 3 of Table 1. Also we identify all symbol-pair MDS
constacyclic codes of length 4p® among them.

We organize the rest of the Chapter in the following manner. In Section 3.2, we give
computational procedures to determine the symbol-pair distances of A-constacyclic
codes of length 4p°® over F,m for Cases 1, 2, and 3 of Table 1. And in Section 3.3,
we explore all symbol-pair MDS codes of length 4p® among them and give some

examples of MDS symbol-pair codes.
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Chapter 3

3.2 Symbol-Pair Distances of Codes over F,»

Let F,» be the finite field, where p is an odd prime and m is a positive integer such
that p™ = 1 (mod 4). As discussed in [2], A-constacyclic codes of length 4p® over

&%ﬂ». Let A = 7?" where 7 is a positive element

F,m are ideals of the ring Ry =
of Fym. It is a well known fact that the ring R, is a principal ideal ring, whose
ideals are generated by the factors of %" — X\ = (z* —)P". In [2], Dinh classified all
constacyclic codes of length 4p® over F,m. We list all those structures of constacyclic

codes of length 4p® for p™ =1 (mod 4) over F,= in Table 1 as follows:

Table 1. List of A\-constacyclic codes of length 4p° over F,
(when p™ =1 (mod 4))

Cases | X C = lg(a) o

Case 1| &} ((z* — P 7")i) pmlap*=47)

Case 2 | €365 ((zh — 3™ 7")d) pmlap*=47)

Case 3 | €25 (22 — " 7" )i(z2 + P ")) A =2i=2))

Case 4| &6 | ((@+19(@— 1w +p)(w = p)t) | 50
0

where £1,£2,83,&4 € Fpm, p? = =1, s =v (mod m), 0 <i,75,k,1 < p®

and € is a primitive element of Fym.

The Hamming distances of Cases 1, 2, 3, and 4 have been computed in [5} |7]. Here,
we list all those Hamming distances in simplified form as follows:

Theorem 3.2.1. [5, |7] Let C' = ((z* — v)7) C %, for 0 < 5 < p° be a \-
constacyclic code as in Case 1 or Case 2 of Table 1. Then the Hamming distance

distribution dy(C) is completely given by

o dy(C)=1,ifj=0
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o dy(C) = (p+1)p7, if P—p "+ (p—1)p" "' +1<j<p’—p 7 +pp 7!
e dy(C)=0,ifj =p°

where 0 <o <s—1,1<p<p-—1.

Fd | A i ; Fym[z . . s
Theorem 3.2.2. [5,7] Let C' = {(z* — )" (x?+7)7) C ﬁ, for0<i<j<p

be a \-constacyclic code as in Case 3 of Table 1. Then the Hamming distances, dy(C)

are completely computed as
e dy(C)=1,ifi=75=0
e dy(C)=2,if1=0and 0 < j <p°
o dy(C) = min {(p1 + 1)p”*, 2(p2 + 1)p™}, if p* —p* 7 + (1 — Dp*~ 71+ 1 <

7 S ps _ pS—Ul + p1ps—c71—1 and ps _ ps—ag + <p2 _ 1)p5—02—1 + 1 S j S ps _

ps—az + p2ps—02 —1

o dy(C) =2(p1 + 1)p7, if p° —p" '+ (o1 — L)p" T+ 1< i < p° —p 7 4

plpsfolfl cmd] — ps

e dy(C) =0, ifi=j=p°
where 0 < o1 <09 <s—1,1< 1,0 <p—2.

Remark 3.2.3. [5, 7] The case with ¢ > j has the same Hamming distances as

Theorem 3.2.2 by symmetries.

Theorem 3.2.4. [5] Let C' = {(z + 1){(x — 1) (z + p)*(z — p)!) C _<(;Ff:;[_"”l)> be a
A-constacyclic code as in Case 4 of Table 1, for 0 <1 < j < k <1 <p°. Then the

Hamming distances, dy(C) are completely computed as

o dy(C)=1,ifi=j=k=1=0
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o dy(C)=2,ifj=k=1=0and0<i<p* orl=0and0<j<k<i<p!

e dy(C)=3,ifj=1=0,0<k<pandp* ' <i<p* orl=0,0<j<k<

2057 and p*~t < i < 2p5t
e dy(C)=4,if1=0,0<j<k<p and2p® ' <i<p*

e dy(C) = min{(p) +1)p™, 2(p2 + 1)p”, 3(ps + 1)p”*, 4(pa + V)p™*}, if p* =
P (o1 = pT T L < S pt =TT ot pt = pT A (o —
Dp = 4 1< <p* = p ™72 4 op™ 77 p* = PP+ (s — Lp T 1 <
ko< p®—p 7 4 pap T and pt — pTTT 4 (g — DT+ 1 <1<

S

Pt =T+ ot

o dg(C) = min {2(ps + 1)p”2, 3(p3 + 1)p™, 4(ps + D)p”™}, if i = p°, p° —p* 7 +
(p2 . 1)psfo'271 + 1 S ] S ps _psfo'g + p2p870'271 ps _psfo'g + (@3 - 1)psfo'371 +
1<k <p —p % +op ™ and p® —p 7 4 (ps — L)p" 1 +1 <1 <

S

Pt — PP+ ot

o dp(C) = min{3(ps + 1)p”, 4(ps + 1)p™}, if i = j = p*, p* —p"% + (3 —
1)p570'371_+_1 S k S ps_psfog _}_pspsfagfl andps_psfa4+(p4_1)psfo4fl+1 S
l S ps _ psfm; + @4psfa471

o dy(C) =4(ps+1)p°, ifi=j=k=p* andp®* —p* 7'+ (p; — 1)p* "1 +1 <
l S ps _ pS—Ul + plps—al—l

e dy(C)=0,ifi=j=k=1=p°
where 0 <oy <03<09<01<s—1,1< 91,09, 03,01 < p— 2.

Remark 3.2.5. [5] The case with j <I <k <i,k<j<I<i,j<k<I<il<

i<k<jhk<i<I<ji<k<I<ji<I<k<jl<j<i<kl<i<j<
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hi<j<j<hkj<I<i<ki<k<j<Lk<i<j<Lk<j<i<land
<1

J < k <1 <[ have the same Hamming distances as Theorem 3.2.4 by symmetries.

Theorem 3.2.6. [5] Let C' = ((z + 1)i(z — 1)i(z + p)k(z — p)!) C H

A-constacyclic code as in Case 4 of Table 1, for 0 <1 < k < j < i <p®. Then the

be a

Hamming distances, dy(C) are completely computed as
e dy(C)=1,ifi=7=k=1=0

e dy(C)=2,ifk=1=0and0<j<i<p® orl=0 (but noti=j=0), or
[=0and 0 <k <j<i<p!

o dy(C)=4,ifl=0,0<k<j<p*andp* 't <i<p

o du(C) = min{(p1 + 1)p™, 2(ps + 1)p™, 4(pa + L)p™*}, if p* — p*7" + (91 —
Dp =T 1 < i S pP=p T i T PP pTT R (= )p T T L < <
P =P T ap* T p T (s — p T T L S k< pT—pt T psp®
and p* — p*~o1 + (@4 N 1)p570471 T1<I<ps—po + mps—arl

[ ] dH(O) = min {2(p3 + 1)])03,4(@4 + 1)]904}; Zfl — ps7 ps_ps—02+(p2_1>ps—02—l+
1<j<pp’—p %+ (p3s—1p" 1+ 1< k< p*—p" % + pgp* %! and
PP =P 4 (s — Dp 0+ L <L < pf = pto A pypt o

o dy(C) =4(ps+1)p, ifi=j=k=p* andp®* —p* 7'+ (p; — 1)p* "1 +1 <
l S ps _ pS—Ul + plps—al—l

dg(C) =0, ifi=j=k=1=p°

where 0 <oy <o3<09< 01 <s5—1,1< 01,909,003, 04 <p—2.
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Remark 3.2.7. [5] The case with k <1< j<i,l<k<i<jk<I<i<yjj<
1<I<Eki<j<I<ki1<j<k<landj<i<k<]I[have the same Hamming

distances as Theorem 3.2.6 by symmetries.

In this chapter, we aim to establish the symbol-pair distances of A-constacyclic codes

of length 4p* over F,m for the Case 1, Case 2, and Case 3 of Table 1.

Using the concept of the coefficient weight, cw(¢(x)) of a polynomial ¢(z), we

will determine the symbol-pair distances.

Definition 3.2.8. [3] Consider a polynomial with degree n, ¢(z) = ¢o + 12 + ... +
¢nx"™. The coefficient weight of ¢(x) is defined as

e cw(p(z)) =0, if ¢(x) is a monomial
o cw(o(x)) =min{|i — j| 14 # J, ¢ # 0, ¢; # 0}, otherwise.
The following result give the symbol-pair weight of product of two polynomials.

Lemma 3.2.9. |4/ Suppose ¢(x),(x) are two nonzero polynomials, and ¢(x)y(z)
represents a codeword of length n. If deg(¢(x)) + deg(v(z)) < n—2, and 0 <

deg(y(2)) < ew(p(x)) — 2, then wtyy(d(2)(2)) = wtn(¢(x)) - wtsy (¢(2)).

Now, we first consider the Case 1 and Case 2.

3.2.1 Case 1 and Case 2

From Table 1, in Case 1 and Case 2 the polynomial (z* — ) is irreducible in Fym[z].
Therefore it is clear that the codes in Case 1 and Case 2 have identical symbol-pair

distance distributions. That means, if we want to obtain the symbol-pair distances
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of codes in Case 1 and Case 2, we only need to determine the symbol-pair distances

of the codes in Case 1 or Case 2.

Consider the A-constacyclic codes C' = {((z* — 7)7) C % of length 4p® over
Fym, for 0 < 5 < p°. It is well known that the ring R, is a chain ring with the
maximal ideal generated by (z* — «) with nilpotency index p*. Then we have, Ry =
(@t =) D (@* =)' D{(a* =1)?) D+ D" =) D ((a* = 7)) = (0).
Obviously, dg,({(z* —7)?)) = 2 and dg,({(z* — 7)?")) = 0. Now, we consider C for
1<j<p’—1

Consider an arbitrary nonzero element e(x) € C. Then there exists a nonzero element
d(x) € Ry such that e(z) = (z*—7)*¢(x). By the Division Algorithm, we can assume
that deg(¢p(z)) < 4p*—4j—1. Let ¢(x) = ¢o+ P12+ - - +dpa®; where ¢g, ¢1, ..., d1 €
Fym and k = 4p®—45—1. We divide ¢(x) into two parts, namely, ¢oga(x) and Gepen ()
where ¢oq4(x) contains only odd powers of x and ¢eye, () has only even powers of x.

We consider three cases.

Case 1: ¢paa(x) = 01i.e. ¢(x) = Peyen(T).
Then

— wty [(g (‘?) (—v)j_las‘”) cbeven(l“)] :

Therefore, the nonzero terms of e(x) are 41 + 2 positions apart for [ = 0,1, ...,p* — 1.

Hence, we get wtyy(e(z)) = 2wty (e(x)) > 2dy(C).

Case 2: Pepen(z) = 0 1e. ¢(z) = Poga().
Then

wti(e(z)) = wt((z! — v) ¢(x))
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()]

Therefore, the nonzero terms of e(x) are 41 4+ 1 positions apart for [ = 0,1, ...,p* — 1.
Hence, we get wtgy(e(z)) = 2wty (e(x)) > 2dy(C).
Case 3: ¢paa(x) # 0 and Pepen () # 0.
Then
(J’A - V)JQS(:L‘) = (ZLA - /Y)jgbodd(x) + (IA - 7)j¢even<m)

Clearly, Wt ((2* — 7V 6(2)) = Wt (2 — 7P Soaa(e)) + Wiz (* = 7)feven ().
Since, (21 =) ¢oaq(x) and (' —7)? Peven () both are nonzero elements of C' therefore,
Wi (24 = 7 Goaa(®)) = dir(C) and Whir (2% = 1) beren(w)) > du(C).

Hence, wty,(e(x)) > wtp((z* — ) ¢(2)) > 2du(C).

Therefore for any e(z) € C, we have wty,(e(z)) > 2dy(C). So, we have d,(C) >
2dy(C). But, we know that ds,(C') < 2dy(C'), which follows that d,(C) = 2dg(C).
So, using the Hamming distances given in Theorem 3.2.1, we can determine the

symbol-pair distance of C as follows:

Theorem 3.2.10. Let C' = {(z*—v)7) C «# be a \-constacyclic code as in Case

4p*

1 or Case 2 of Table 1, for 0 < 7 < p®. Then the symbol-pair distance distribution

dsy(C) is completely computed by
° dyy(C)=2,1/j=0
o dy(C) =2(p+1)p7, if PP—p* "+ (p—1)p T +1 < <P —p T pp*T!
¢ dyp(C) =0, j=p°

where 0 <o <s—1,1<p<p-1.
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Next, we consider the symbol-pair distances of A-constacyclic codes for Case 3 in

Table 1.

3.2.2 Case 3

In Case 3 of Table 1, the factorization of the polynomial (x* — ~) into irreducible
factors in Fym[z] is (z* — ) = (2® — 1) (2? + 71). Consider the A-constacyclic codes,

C = (x> —y)(z* + 1)) C % of length 4p® over Fym, for 0 < i < j < p°.

If i = j then clearly, C' = ((z* — 1)/ (2® + 71)?) = ((z* — 7)?). Using the same
argument as the above Subsection 3.2.1, we can compute the symbol-pair distance

of C as follows:

% be a \-constacyclic code, for

0 <j <p°. Then the symbol-pair distance distribution ds,(C) is completely computed

Proposition 3.2.11. Let C = ((z* —)?) C

by
o dy(C) =2, if j=0
o dy(C) =2(p+1)p7, if p*—p "+ (p—p " H 1< j<p —p T+ pp !
e dyp(C) =0, if j =p°

where ) <o <s—1,1<p<p-1.
Now, we consider the symbol-pair distance of C for ¢ < j.

Proposition 3.2.12. Let ¢ < j be such thatt =0 orp° —1 and 1 < j <p° . Then

the symbol-pair distances of C' = {(z* — y1)"(2* + 11)?) are determined as follows:

® dy(C)=4,ifi=0,1<j<p
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® d,(C)=4p°, ifi=p°—1,5=p°

Proof. There are only two possible cases.

Case 1: If i = 0,1 < j < p*, then clearly Ry D ((z*+7)Y)) D ((z2+7)?)) D -+ D
(5 + 7)) 5 (& + 3)7"). Therefore, we have dy({(” + 7)) < dy({(a? +
W) - S Al + ) ) < dpl((@ 707 ))). Assume € = {22 + 7))
has a codeword of symbol-pair weight 3. Then there exists an integer h € {2,3, ..., p*}
and nonzero elements hy, hy € Fym such that hiz" + hez"t € C = ((z® + 1)Y)).
Clearly, this is not possible since C' = ((2? 4+ 1)')). Hence, dg,(((z? +71)'))) > 4.
Now, 22" + A" = (22 + 1)P" € C = (22 + 7)"")) and wty, (22" + A¥) = 4. Thus
do(((a* + 1)) < 4. So, we get 4 < du({(z? + 7)) < dupl{(a? + 70)2)) <

< dgp({((@ +7)PY)) < dyp(((2® + 7)) < 4, forcing dg({(* +m)7))) = 4
for 1 <75 <p°

Case 2: If i = p° — 1,j = p®, then clearly, C = {(z* — )P "} (2* + v1)P") contains

codewords of the form z( — P @2+ 1), 2 € Fym. As, z(at — )P (2?2 +7) =
p°—1 —
3o 2(—yp )P it 4 z 2(—71)?P" 1124+ 2 having symbol-pair weight 4p°, it follows
1=0 =0
that ({22 — )12+ 3)7)) = 4" 0

From Theorem 3.1 of [6], we have the following proposition, which shows that the
]Fpm [.I']
(z%" — )

to the symbol-pair weight of the polynomial g(z)(z? + 7,)? €

symbol-pair weight of ¢(z)(x?+71)’ (mod 2% +~) € is less than or equal
Fpm [2]

(%" =)
Proposition 3.2.13. [6] Let e(z) = q(x)(z* + )7 (mod 2% + ), where q(z) is
a nonzero polynomial over Fym|x], then e(x) can represent a codeword of length 2p°

over F,m and the symbol-pair weight wtg, satisfies

L Wtsp(6($)) >0, Zf] =0

Some Classes of Repeated-root Constacyclic Codes for Multi-symbol Read Channels and Applications
38



Chapter 3

o wtg,(e(x)) > 2(p+1)p%, if p*—p* "+ (p—1)p* 7' +1 < j < pP—p* T+ pp° !

where ) <o <s—1,1<p<p-1.
Next, we consider the symbol-pair distance when i # j and ¢ < j.

Proposition 3.2.14. Let i < j be such that p* —p* ' + (p; — 1)p* 171 +1 <0 <
ps_psfal _I_plpsfznfl and ps_psfag+(p2_1)psfo'271+1 S] S ps_psfaz_i_prstgfl'
Then the symbol-pair distances of C' = {(z*—1) (z*+7)?) are determined as follows:

dop(C) = min {4(p1 + 1)p”", 2(p2 + 1)p”*},

where 0 <oy <0y <s—1,1< 1,0, <p—2.

Proof. Consider an arbitrary nonzero element e(x) € C. Then there exists a nonzero
polynomial ¢(x) € Ry such that e(z) = ¢(z)(z? — v1)* (2% + 71)?. Suppose that ¢ is
the largest positive integer with (22 —;)!|¢(z) and ¢(z) = ¥ (z)(z* — 71)!. Now, we

have the following cases.

Case 1: j +t < p°. Let q(x) = ¢(x)(x? — v)', then e(x) = q(x)(2? + 71)’. By the
Division Algorithm, we can assume deg(e(z)) = n < 4p® — 1. Let us represent e(z)

S _
"=l where €,,1 = €pi12 =

as e(z) = eg+e1x+ ...+ e, 2" + ...+ egps 2T T2 ey 1
.. = egps—1 = 0. Now, we have e(x) (mod %" +~) = (eg — vezps) + (€1 — Veops 11)T +
et (egps 2 — Yeups 2) T T2+ (egps 1 — Yeups 1) 7L Also, wtg,(e(z)) > wig,(e(x)
(mod %" + v) and e(x) (mod z?*" + 7) can be seen as a codeword of length 2p*

over F,m. Using Proposition 3.2.13, we get wtg,(e(z)) > wtgy(e(z) (mod 2" + ) >
2(p2 + 1)p™.
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Case 2: j +1t > p°. Let t; be the nonnegative integer such that j + ¢ = p* + t;.
By the Division Algorithm, we can assume deg(¢)(x)(x? — 7)) (2 + 1)) < 4p°* — 1.

Then we have,

whep(e(2)) = Wt (1(2) (2% — 7)" (2 + 7))
= Wt (2™ (@) (2% = 11)"(2* +)")
+ Wt (91 (@) (@ —m) (2 + 1))

= 2wt ((x) (22 — 1) (2% + 7)")

Clearly, ¥ (z)(2? — 71)"(@® + 71)™ can be seen as a codeword of length 2p* over Fm.
Let ¢1(x) = ¢(x)(2* +v1)". Then from Proposition 3.2.13 we have, wtg,(q1(z)(2* —
71)%) > 2(p1 + 1)p°t. Tt follows that, wte,(e(z)) = 4(p1 + 1)p".

Now, combining both the cases, we have, dg,(C') > min {4(p; + 1)p”*, 2(p2 + 1)p”2}.

s

Now, consider the polynomial (z* — )?" 2"~ "2+920"""2"" ¢ ' and we have,

(1:4 N ,Y)ps—p5762+pzp570271

(e ()
= ((9541’57"2 _ 7/))10021 <(x4p570271 B 7,,)>pz

R | LRSS

s—o9 17 ps—a'2—1

where v/ =P 2 4" =~ . So we get,
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p72—1
p”? —1 N\po2—1—1  4ps=o2] 5—
_ — 4p5 02
CW(?O( ] )( ) x P,

p72-1 , 5
- 1 (o S—O:
o (5 (7 Yt ) o

=0
2 0
s—o9—1
deg <Z ( 12) (_fy//)pgflx4p 2 l> — 4@2]7570271 < 4]75702
=0
2
s—o9—1
and wty (Z (pgz) (=)t l) = o + 1.
=0
Now,
Wty ((x4 - v)ps_ps_dum”s_arl)
p2—1 o1 ©2 /o )
o - Np°2—1—1,4p°— 2] " —1, 4p5—924]
_th(Z ("7 ey )th <Z<l>(—v iyt )
=0 =0
= (g2 +1)p™

Since any term of (xz — ~)P" =P 2 +020"" 727! hag power 41 of z, therefore

Why (@t = ) )
= 2wty (= )T
= 2(@2 =+ 1)pg2.
Again consider the polynomial (22 —~)P" 7" 71 +e107 7 (22 L4 )P' e ) proceeding as

above we get wt,,((z2 — )P 77 e T (42 L YY) = 4y + 1)p7t. So, d,(C) <
min {4(p; + 1)p”", 2(p2 + 1)p?}, forcing

dsp(C) = min {4(p1 + 1)p™*, 2(p2 + 1)p”?}.
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Proposition 3.2.15. Let i < j be such that p° —p* 7 + (p; — Dp* 71 41 <
i < pf—p 0t + op* 7t and j = p*. Then the symbol-pair distances of C' =

<(9C2 - ’Y1)i($2 + ’yl)j) are determined as follows:
dyp(C) = 4(p1 + 1)p™,

where 1 < o1 <p—2,0<0; <s—1.

Proof. Consider an arbitrary nonzero element e(x) € C. Then there exists a nonzero
polynomial ¢(x) € Ry such that e(z) = ¢(x)(x® — 1) (2*> + 71)?. Suppose that
t is the largest positive integer with (z* — 71)"|¢(x) and ¢(z) = ¥(z)(z® — 1)
Then considering the cases, 7 +t < p® and j +t > p® and using same technique as
Proposition 3.2.14, we have dg, > 4(p1 + 1)p”*.

Now, if p*—p* =7 + (p1 = Dp*™ "' + 1 <i < p* = p*™ 7 + p1p" 77" and j = p°,
then (22 — v1)" (22 + 11)?" € C, and we have

Whep(22 — 1) (@2 + 1)) = Wt (2?2 — 1) (@2 + 7))
= Wty (2 (2% — 71)")
+ wtgp (W (22 — M)

= 2wty ((a? — 1)),
Using Proposition 3.2.13, we have

W (27 — 71)"(2® + m)7) > 4(p1 + 1)p7.
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So, we have, d,,(C) < 4(p1 + 1)p7, forcing d,,(C) = 4(p1 + 1)p7". O

Now, we summarize all the above results to give ds,(C') as follows:

Fpm[z]
@)

as in Case 3 of Table 1 for 0 < i < j < p°, then the symbol-pair distances ds,(C') are

Theorem 3.2.16. Let C' = (2% —7) (22 +71)7) C be a A-constacyclic code

completely computed as
o d,(C)=2,ifi=75=0
o d,,(C)=4,ifi=0and 0 < j <p°

o dyp(C) =min {2(p1 + 1)p™, 4(p2 + 1)p2}, if p*—p* " + (o1 — 1)p* 7 7 +1 <
7 S ps _ ps—m + @1]95_01_1 cmd ps _ ps—az + (@2 o 1)ps—02—1 + 1 S ] S ps .

psfag + prsfozfl

o dy(C) =4(pr + 1)p°, if p* —p* 7 + (1 — Dp" T+ 1 < i < pf —p7 +

plps—al—l a’ﬂdj — ps
L4 dsp(c) :()7 ZfZ:j :ps

where 0 <01 <0y <s—1,1< 1,0 <p-—1

Remark 3.2.17. The case with ¢ > j has the same symbol-pair distances as Theorem

3.2.16 by symmetries.

3.3 MDS Symbol-Pair Codes over R

Chee et al. obtained the symbol-pair Singleton bound over the finite field F,m in [1].
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Corollary 3.3.1. (Symbol-pair Singleton Bound) (1] Consider a symbol-pair code C
of length n over Fym with symbol-pair distance dy,(C). The symbol-pair Singleton

bound is given by |C] < pm(n=dep(©)+2),

Definition 3.3.2. Let C' be a symbol-pair code of length n over F,m. Then C'is an
MDS symbol-pair code if it meets the Singleton bound for symbol-pair codes.

Using results of Theorems 3.2.10, 3.2.16 and Corollary 3.3.1, we can explore all MDS
symbol-pair codes for Case 1, Case 2 and Case 3 of Table 1 and find the MDS

symbol-pair codes as follows:

Theorem 3.3.3. Let C = ((z* — v)7) C Ry be a A-constacyclic code of length 4p°.

Then the only MDS symbol-pair code is the ambient ring R itself.

Proof. We have the following situations:

Case 1: When C = (1), then d,(C) = 2. For C to be MDS, |C| = pm“4r° ~d=»(€)+2)
ie., ptmP* = pm#°=2+2) which is true. Thus, the code C' is MDS.

Case 2: When p* —p* 7+ (p—1)p* 71 +1 < j < p°—p* 7+ pp*° ! then
dep(C) = 2(p + 1)p°. C is an MDS code if and only if |C| = pm@ ~dsn(O)+2) j ¢
A —47) — pmAr*—dep(O)+2) § o 4 = dep(C) — 2.
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Now,

JZp =+ (p-1)pT T+
4 >4(p° = p" "+ (p—p" 71+ 1)
> 4p(p® — 1) + 4p (equality when 0 = s — 1)
> 4((p+ 1)p?) — 4 (equality when p — 1 = @)
>2(((p + p”) —2)
=d,(C) —2.

Thus, there is no MDS symbol-pair code.
Case 3: When C' = (0), then ds(C) = 0. For C to be MDS we must have,
|C| = pmP°=dsp()F2) j o 1 = pmP°+2) j e 2p° + 1 = 0, which is false for any s and

p.

From the above cases we can get the result. O]

Theorem 3.3.4. Let C' = ((x® —v) (2% +7)?) C % be a A-constacyclic code

of length 4p® over Fym. Then C is an MDS symbol-pair code if and only if any one
of the following holds:

1.i=0,5=0 (trwial MDS)

2.1=0, =1 (non-trivial MDS)

3. i=p°—1, j=p° (non-trivial MDS)
4.1=1, 7=0 (non-trivial MDS)

5. 1=p°% j=p°*—1 (non-trivial MDS).
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Proof. We have the following situations:

Case 1: When C = (1), then d,,(C) = 2. For C to be MDS, |C| = pm“4r° ~d=»(€)+2)
ie., ptmP’ = pmW°=2+2) which is true. Thus, the code C' is MDS.

Case 2: When i = 0,1 < j < p®, then d,,(C) = 4. For C to be MDS, |C] =
pnAp°=dsp(C)42) § o (40 =21) — pm(Ap°—442) "j e 25 = 2 ie., j = 1. Thus, there is
an MDS symbol-pair code for j = 1.

Case 3: When p°* —p* 7 + (o — )p 71+ 1 < i < p° —p* 9 + gp* 017!
and p* —p* 7 4+ (o — V)p* >+ 1 < j < p* = p° 7 4 op® 7! then d,(C) =
min {2(p; + 1)p°t, 4(p + 1)p?2}. Cis an MDS code if and only if |C| = pm(4P° == (©)+2)
i.e., pnp*=2i=2)) — pymlp*=dsp(C)142) j o 24 4 25 = d,,(C) — 2.

Now,

20427 220" —p" " + (1 — )P T H 1) +200° — P+ (2 — Dp T+ 1)
=4(p* —p* " + (p1 — 1)p* 71 + 1) (equality when o = 09, 91 = ©2)
> 4p(p°t — 1) + 4p; (equality when o3 = s — 1)
> 4(p1 + 1)p°t — 4 (equality when p — 1 = ¢y)
>2(p1 +1)p™ =2
> min {2(p1 + 1)p”", 4(p2 + 1)p”} — 2

= d,,(C) — 2.

Thus, there is no MDS symbol-pair code.

Case 4: When p*—p*~ 7' +(p1 —1)p* ' +1 < i < p*—p* 7' +p1p* "' and j = p°,
then dy,(C) = 4(p; + 1)p”*. C is an MDS code if and only if |C| = pm“#r*—d=r(€)+2)
i.e., pnUp*=2i=2p%) = pmp*—dsp()F2) § o 2j = d,(C) — 2p* — 2.
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Now,

2i > 2(p° —p* 7 4 (p1 — Dp* 7+ 1)
=20°+200° —p" "+ (1 — )P~ +1) = 2p°
> 4pp®? — 2p + 21 — 2p° (equality when oy = s — 1)
> 4(pr + 1)p® — 2(p1 + 1) + 292 — 2p° (equality when p — 1 = )
= 4((p2 + 1)p” — 2p° =2
= d,(C) —2p° — 2.

Thus, there is an MDS symbol-pair code for 01 =s—1,p—1=p; i.e., i =p° — 1.
Case 5: When C' = (0), then ds(C) = 0. For C to be MDS we must have,
|C| = pmP°=dsp()F2) o 1 = pmP°+2) j e 2p° + 1 = 0, which is false for any s and
p.

From the above cases we can get that (1), (2), and (3) are MDS codes for i < j. By
symmetries, (4) and (5) are also MDS codes for i > j. O

Example 3.3.5. Using MAGMA, we exhibit in Table 2 some examples of non-trivial
MDS symbol-pair A-constacyclic codes of length 4p°® over [Fym.
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(p,m,s) | A {9(2)) [, k, dsy]
(3, 4,1) | w? (2% + w?T)) (12,10, 4]
(3,2,2) | wb (2% — w?)¥(z? + w?)?) (36,2, 36]
(3,4,1) | w? | {(z% — )3 (2% + w?)?) [12,2,12]
(5,2,1) (2% — W) (2? + w?)?) 20, 2, 20]
(5,2,2) |w]  {(z? — W) (2% + ")) (100, 2, 100]
(5,3,1) (w2 {((2% — w?)*(2? + w?)5) 20, 2, 20]
(5,3,3) | 4 (22 —2)) [500, 498, 4]
(7,2,1) | w® | {(z% — )7 (2% + w?)") 28,2, 28]
(11,2,2) | w? (22 — w')) [484, 482, 4]
(11,4, 3) | w™ |((22 — w?T5)1331 (12 4 ,275)1330)|  [5324 2, 5324]
(13,2,2) | w? (2% — W) (676,674, 4]
(13,2,2) | 4 (% — 2)169(z% 4 2)168) (676, 2,676
(13,3,3) [w% (2% 4 wi6l)) [8788, 8786, 4]
(13,1,4) | 12 | ((2% — 5)?%61 (32 4- 5)28560)  1[114244, 2, 114244]
(17,1,1)| 15 (2% = 7)1 (22 + 7)'7) 68,2, 68]
(29,1,1) | 28 (x> —17)) (116,114, 4]
(29,1,1) | 28 | ((z% — 17)%(2% 4 17)%) [116,2, 116]
(29,3,2) |w'| ((2? — w?03)84 (22 4 w203)840) | [3364, 2, 3364]
(61,1,1)| 60 ((x* 4+ 11)) (244,242, 4]
(101,1,1)[100|  ((z* — 10)'9°(22 4+ 10)°") [404, 2, 404]
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3.4 Conclusion

The symbol distances of several classes of repeated-root constacyclic codes over the
finite field F,» are determined by using the idea of the coefficient weight of a poly-
nomial. Using distance distributions, we explored some novel MDS code classes as
an application. The symbol-pair distances are fully obtained for some classes of
A-constacyclic codes of length 4p® over F,m. We investigate two new classes of non-
trivial MDS symbol-pair codes of length 4p® and demonstrate a number of novel

symbol-pair codes of length 4p°.
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