
Chapter 1

Introduction to Multi-Symbol

Constacyclic Codes

Transmission of data across a noisy channel, as well as retrieval of information at the

receiving end of the transmission, falls under the purview of coding theory. Coding

theory gives straightforward answers to the problems of detecting and correcting

data transmission errors across noisy channels. As a result of Shannon’s remarkable

work [55, 56], the field of coding theory has made significant progress. Richard

Hamming was a pioneer in the development and use of error-correcting codes [41].

The relevance of algebra, geometry, etc. in coding theory is widely recognised, with

several profound mathematical conclusions being utilised to create coding theory.

Algebraic coding theory is a sub-field of discrete applied mathematics related to

the development of error-control codes and encoding/decoding techniques. Due to

their practical applications, algebraic coding theory is a significant component of

mathematics. When it comes to improving the reliability of communication over

noisy channels, error-correcting codes have a wide range of applications, including
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the transmission of images from space, the quality of sound on CDs, the reliability

of computer networks and wireless communication as well as the identification of

monographs and other items by their ISBNs, among other things. Coding theorists

are interested in algebraic codes because they are simple to create, encode, and

decode. Algebraic codes have traditionally been explored primarily in the context of

finite fields. It’s worth noting that coding theorists have long been fascinated by codes

involving infinite rings. Since Hammons et al. [42] demonstrated that certain non-

linear binary codes with excellent parameters are really the binary images under the

Gray map of some linear codes over Z4, the ring of integers modulo 4, codes over finite

rings have received considerable attention. With the use of a Gray map, researchers

Calderbank et al. [10], Hammons et al. [42], and Nechaev [49] were able to relate

many binary non-linear codes to linear codes over the ring Z4 of integers modulo

4 in the 1990s. In order to better understand linear codes over Z4 in particular,

and linear codes over finite commutative chain rings in general, numerous academics

studied linear codes over Z4.

In the theory of error-correcting codes, constacyclic codes play an important role.

Constacyclic codes, moreover, have various real-world applications. Shift registers

can effectively encode and decode these codes because they have rich algebraic struc-

tures. They also offer excellent error-correction capabilities. All of this clarifies their

chosen engineering role. Berlekamp [5] is credited with the introduction and study

of constacyclic codes over finite fields. There are several algebraic structures in these

codes, which are extensions of cyclic and negacyclic codes in nature. Linear shift

registers are a good choice for encoding and decoding these codes because of their

efficiency. Many coding theorists were motivated by this specific line of research

to further investigate constacyclic codes over finite commutative chain rings, which
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are an important class of linear codes that have been studied extensively. It has

been discovered that, despite all attempts, the algebraic structure of constacyclic

codes is only known for a small number of specific lengths and a small number of

specific classes of finite commutative chain rings. From [39], it is well known that

Λ-constacyclic codes over a finite commutative chain ring R are categorized as the

ideals ⟨h(x)⟩ in
R[x]

⟨xn − Λ⟩
, where Λ is a unit in R and h(x) divides xn − Λ. In the

early 1970s, almost all the research was concentrated on simple root codes. In simple

root codes, the length n of the code is coprime to the characteristic of the field oth-

erwise, codes are called repeated-root codes. Berman[6] changed the tradition and

studied the algebraic structure of repeated-root codes, which were later investigated

further in the 1970s and 1980s by researchers such as Massey et al. [48], Falkner et al.

[40], Roth and Seroussi [53], among others. Castagnoli et al. [14] and van Lint [45]

conducted the most extensive research on repeated-root codes, which resulted in the

most generalisation in the 1990s. They demonstrated that repeated-root cyclic codes

are asymptotically bad since they have a concatenated structure and have repeated

roots. Researchers have been driven to investigate this family of codes because they

are optimal in some situations [3, 18, 50, 61, 64]. After that, many researchers

came forward and studied such type of codes. Numerous authors [1, 7, 8, 51, 54]

have investigated particular classes of repeated-root constacyclic codes over certain

classes of finite chain rings since 2003. Recently, we have looked at the description

of different classes of constacyclic codes, including cyclic and negacyclic codes, over

various types of finite rings, which we have found to be quite interesting. The fam-

ily of finite rings of the type Fpm + uFpm has been extensively used as alphabets in

study of a variety of constacyclic codes. For instance, the structure of F2 + uF2 is

intriguing since it is additively equivalent to F4 and multiplicatively analogous to Z4.

Numerous researchers have investigated it [2, 4, 9, 43, 59, 62]. Readers can also refer
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to [14, 16, 21, 22, 24, 25, 28, 29, 33, 37, 47, 61] for more information. Dinh defined

the algebraic structure in terms of polynomial generators of all constacyclic codes

over Fpm of length ps, 2ps, 3ps, and 4ps in a series of papers [22, 23, 26, 28]. These

findings have since been expanded to include a wider range of code lengths. Even

though Dinh gave algebraic structures of all constacyclic codes of ps over Fpm +uFpm

in [27]. In [17], Chen et al. determined the structures of all constacyclic codes of

length 2ps over Fpm + uFpm . In [38], Dinh et al. categorised the structures of all

constacyclic codes of length 4ps over Fpm + uFpm .

One of coding theory’s key goals is to develop codes that are simple to encode and

decode, capable of detecting and correcting a high number of errors, and include a

sufficiently large number of codewords. In other words, the objective is to find codes

with efficient encoding and decoding techniques and the greatest possible value of

distance for a given code length, code size, and code alphabet cardinality. Nu-

merous distances like Hamming distances, symbol-pair distances, etc. have been

established and investigated in coding theory to analyse a code’s error-detecting and

error-correcting capabilities with respect to various communication channels. Due to

applicability to orthogonal modulated channels, the Hamming distance is the most

studied distance in coding theory. Singleton [60] established the following upper

bound known as Singleton bound on the size M of any block code in terms of the

Hamming distance viz. M ≤ qn−dH+1, where q is the cardinality of the code alphabet,

n denotes the block length, and dH represents the code’s Hamming distance. When

a code C of length n over R meets the above Singleton bound then C is known as

a maximum distance separable (MDS) code with respect to the Hamming distance.

In the field of error-correction codes, it is generally known that, for each particular

code length and dimension, the maximum distance separable (MDS) codes have the
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largest Hamming distance, i.e., the highest feasible error-correction capabilities. As

a result, creating MDS codes is always a popular topic in the field of coding theory.

The study of MDS codes having the largest distance is interesting due to their best

possible error-correcting capability.

With the advancement of recent high-density data storage techniques, the reading

process of data may be lower than that of the process used to store the data. In

response to this situation, Cassuto and Blaum [11, 12] devised a novel coding method

in which the outputs of the reading process are pairs of successive symbols. Sym-

bol pairing is a kind of coding method that can deal with the situation of errors

in the data reading process. Such channels are known as symbol-pair read chan-

nels, and the distance associated with them is known as the symbol-pair distance.

These channels are better suited for high-density data storage systems where the

reader’s spatial resolution is insufficient to distinguish between adjacent symbols. If

the codeword θ = (θ0, θ1, . . . , θn−1) is to be transmitted, then the information is read

as ((θ0, θ1), (θ1, θ2), . . . , (θn−1, θ0)) in symbol-pair read channel. Cassuto and Litsyn

[13] created cyclic symbol-pair codes using algebraic techniques, which they pub-

lished in 2011. Cassuto and Litsyn demonstrated that the symbol-pair distance of

a cyclic code with a dimension larger than one and a Hamming distance of dH is at

least dH +2 by using the Discrete Fourier Transform technique. They also developed

symbol-pair codes from cyclic codes and demonstrated that there are symbols-pair

codes with rates strictly larger than those of cyclic codes in the Hamming metric

with the same relative distance that exists. They demonstrated that a code can re-

pair up to e symbol-pair errors if and only if the distance between the symbol-pairs

is at least 2e + 1. Additionally, they developed methods for deriving symbol-pair

codes from Hamming-distance codes and deduced certain constraints on symbol-pair
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code parameters. They demonstrated how to decode symbol-pair codes created by

interleaving the codewords of two Hamming-distance codes. Apart from that, they

demonstrated asymptotically that symbol-pair codes exist with rates strictly greater

than the best-known Hamming-distance codes. In the field of error-correction codes,

it is generally known that, for each particular code length and dimension, the max-

imum distance separable (MDS) codes have the largest symbol-pair distance, i.e.,

the highest feasible error-correction capabilities. As a result, creating MDS codes

is always a popular topic in the field of coding theory. MDS symbol-pair codes,

as an extension of classical MDS codes, provide the best potential error-correction

capabilities over the symbol-pair read channel. Chee et al. [15] later established a

Singleton-type bound for symbol-pair codes as M ≤ qn−dsp+2, where q is the cardi-

nality of the code alphabet, n denotes the block length, and dsp represents the code’s

symbol-pair distance and produced a large number of MDS symbol-pair codes, i.e.,

codes that meet the Singleton-type bound for the symbol-pair distance. Several re-

searchers have worked on constructing MDS symbol-pair codes after establishing the

Singleton bound [15, 19, 44]. After that, Yaakobi et al. [63] generalized symbol-

pair channels to b-symbol read channels, where the read operation is performed as a

consecutive sequence of b symbols. The corresponding metric is called the b-symbol

distance. Ding et al. obtained the b-symbol Singleton bound over the finite field Fpm

as M ≤ qn−db+b, where q is the cardinality of the code alphabet, n denotes the block

length, and db represents the code’s b-symbol distance in [20].

However, only a few studies have been conducted on how to calculate the Hamming,

symbol-pair, and b-symbol distances of certain classes of linear codes since, in general,

it is difficult to establish the distances. In [34], Dinh obtained the Hamming distances

of all the cyclic codes of prime power lengths over Fpm . In [52], the authors then use
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the finding of [14] to determine the Hamming distances of cyclic codes of length 2ps.

In [46], the Hamming distances of cyclic codes of length 3ps were calculated using the

results of [14] for the case gcd(3, pm−1) = 1. Later, in [26, 34], Dinh et al. computed

the Hamming distances of all constacyclic codes of length 4ps over Fpm . Dinh et al.

computed the symbol-pair distances of all constacyclic codes of length ps over Fpm

in [31]. The symbol-pair distances of all cyclic codes of length 2ps over Fpm and of

all constacyclic codes of length 2ps over Fpm were recently obtained by Dinh et al. in

[30] and [35] respectively. Later, in [36], Dinh et al. provided the b-symbol distances

of a class of repeated-root costacyclic codes for length ηps over Fpm . In [32], Dinh

et al. calculated the Hamming and the symbol-pair distances of all repeated-root

constacyclic codes of length ps over Fpm + uFpm . Sharma and Sidana determined

the Hamming, symbol-pair and b -symbol distances of all repeated-root constacyclic

codes of length ps over finite commutative chain rings in [57] and [58] respectively.

Motivated by all those work, we determine the multi-symbol distances of various

classes of repeated-root constacyclic codes over some classes of finite commutative

chain rings, in this monograph. Also, we explore various classes of non-trivial MDS

codes using these multi-symbol distance distributions. The monograph is organized

in the following manner.

An introduction is provided in Chapter 1, followed by some definitions and prelim-

inary findings in Chapter 2. For various classes of constacyclic codes of length 4ps

over Fpm , the symbol-pair distances are fully determined in Chapter 3. There are

new classes of non-trivial MDS symbol-pair codes of length 4ps that we investigate,

and we provide a few examples of these codes.

For all constacyclic codes of length 2ps over ℜ = Fpm + uFpm with u2 = 0, the

symbol-pair distances are completely obtained in Chapter 4. Also, we identify all
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MDS symbol-pair constacyclic codes of length 2ps over ℜ. As examples, several new

symbol-pair codes and MDS symbol-pair codes are constructed.

In Chapter 5, the Hamming and b-symbol distances of all constacyclic codes of length

4ps over ℜ are thoroughly established for any non-square unit of ℜ. Codes with new

parameters are constructed as examples. We also identified all MDS constacyclic

codes of length 4ps among them with respect to the Hamming distance as well as the

b-symbol distance. For b = 4, we found several nontrivial MDS b-symbol constacyclic

codes of Type 3 of length 4ps in the context of b-symbol distances over ℜ.

The overview and conclusions of the monograph are presented in Chapter 6.
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