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Introduction

In the current era, every manufacturer producing goods want to increase their sales by
providing some incentives to customers in the form of warranty and guaranty. It is a written
statement presented by Manufacturers to the customers, promising them to repair or replace
the product they purchased, if necessary, within a specified period of time. It is additionally a
way of advertising the standard of the merchandise and thereby boosting sales. A detailed
review of assorted problems associated with product warranties will be found in Blischke and
Murthy (1992a, 1992b, 1994) and Chien (2010).

One of the types of warranty policies is rebate warranty. Under this scheme, a customer (buyer)
is refunded by some percent of money (sales price) if the product meets the defect during the
warranty time spam. Batteries and tires are the items sold under this warranty scheme.
Common forms include: lump sun, and pro-rata rebates. Other issues and discussions related
to warranty policies can be found in Mitra and Patankar (1993), Murthy (1990), Murthy and
Blischke (1992).

The manufacturers shall only provide these incentives when they have the faith on the
products that their product has the ability to serve at least for the time period warranty is given.
Therefore, it is essential for manufacturers to test the reliability and performance of the
products before letting them serve in the market. This can be done by using accelerated life
testing (ALT) on products, where products are put at higher stresses than normal to induce
failure and predict their life under normal use conditions. ALT also helps Manufacturers to
predict the various costs associated with the product under warranty policy. The main aim of
ALT is to find the failure data of such products and systems by subjecting them to the higher
levels of stresses. Hence accelerated life testing is needed to quickly provide the information

about the life distribution of products.
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For analysing ALT efficiently and to obtain performance data, the experimenter needs to
determine the testing method, statistical model, form of the life data and a suitable statistical
method. Analysing these measures propetly, provides the best estimates of the product’s life

and performance under usual conditions.

There are researchers who combined accelerating life testing and warranty models.
GuangbinYang, (2010), provided a method for describing the warranty cost, and its confidence
interval. El-Dessoukey (2015) used accelerated life tests along with Exponentiated Pareto

distribution to describe age replacement policy under warranty policy.

The article describes how to use accelerated life testing procedures for predicting the cost of
age replacement of units or products under warranty policy. Under constant stress, the
generalized exponential distribution is assumed to cover the lifetimes of the products. The
chapter also describes the age replacement policy in the combination of pro-rata rebate

warranty for non-repairable units.

Model Description and Test Method

ALT is a best used method for reliability and life prediction of systems or components.

Designing the ALT plan, needs to determine the following:

i.  The statistical distribution of failure times of products.
ii.  Type of data used, complete or censored.
iii.  Type of censoring scheme.

iv. The type of stress to be used.

v.  The stress level selected.
vi.  The percentage of test units allocated for each stress level.
vii.  The mathematical model describing the relation between life and stress (life-

stress relationship).

This study is dealt with constant stress and type-I censored data under the assumption that

the lifetimes of the units follows generalized exponential distribution. There are k levels of

high stresses V]- ,1=1,2,...,K and assume that Vu is the normal use condition satisfying
Vu <V1 <V2 <----<Vk. At each stress level, there are njunits put on test and the

experiment terminates once the number of failures I'j among these N units are observed.

For the detailed review of constant stress ALT one may refer to Abdel-Ghaly et al. (1998), El-
Dessouky (2001), Attia et al. (2011), and Attia et al. (2013). The studies have shown that the
two-parameter Generalised Exponential distribution can selectively used in place of two-

parameter gamma and two-parameter Weibull distributions for analysing many lifetime data
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(see, Gupta and Kundu 1999). The probability density function (pdf) of a generalised
Exponential distribution is given by

|
O(j o K %j

f(tij,aj,ﬂ):?eﬁ 1-e”| ;a>04>0t>0 (7.1)
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where, the shape papameter & > 0, and the scale parameter 2 > 0, hence denoted by

GE(«, ) - The CDF of generalised Exponential distribution is
F(tij,aj,ﬂ)=[l—e ﬂ] L@, >0,8>0t, >0 (7.2)

The survival function is given by

S(t; ;. A) =1—(1—ef3J (7.3)

The failure rate or hazard rate is given by

ht.,a.,A) =

ijrj t O\ ¥

1-|1-e #

The studies have shown that GE distribution very well represents the life of modern products.

The hazard function behaves like as of gamma distribution, see Ahmad (2010).
It is also assumed that the stressV i’ J =1,2,..,k only affects the shape parameter of the

Generalised exponential model, &; through a life stress model called power rule model given

by:

@, =CV,*; C>0,p>0, j=12,..k (7.4)

where C is the proportionality constant, and P is the power of the applied stress, are the

two model parameters.
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The Estimation Procedure

The likelihood function of an observation { (failure time of an item) is developed at stress

levelV j- Since at each stress level V j» there are n junits put under test. Here, the total
k
population experimental units are N= Z N; . Applying type-I censoring at each stress level, it
i=1
n n
can be seen that the once the censoring time to is reached the experiment automatically

terminates. Assume that [ (S n j) failures are observed at the jth stress level prior to the

termination of the test and (nj - rj) units still survived. Therefore, likelihood function

becomes:

L(;.C. )= ]JL[( ]r‘j[f(tij;aj,c,ﬂ) [1-F(t,) | (75)

n,—n !
Where tO is the time of cessation of the test.

Using INL to denote the natural logarithm of L(Q' i C, ,B ), then we have

InL = K+Zr (InC—-Ing)- Zrmv ZZ by

gr_’l(cvp 1)in(w ())+lei:(n—r) )™ ] e

where K is a constant, W (tij ) =1-— exp(

_;” J&W (t,)=1- exp(_—ﬂtoJ

The first derivative of the logarithm of the likelihood function in equation (7.6) with respect
to 3,C & p are obtained as:

UL SR )
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T Sh () SO ) (7
aInL—Zk:ran ZZCV IV In(W (t;))+ Z%cv IV, InW (t,) (W (5,)) ™ (7.9)

Where, ¢(1'0 ) =1- (W (1'0 ))Cvj
The ML estimates of ,Cand P are obtained by equating the above equations to zero. Also,

the variance-covariance matrix is obtained using the fisher information matrix of the form:

[—8%InL - 8%InL —a%InL |
o> oCop  opop
~d%InL —82I2nL ~d%InL (7.10)
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Where,
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(7.13)
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ot 0 & oe| CINW(E,)+V/)
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(7.14)
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j=1 |:l

(1-2)100% a,C&p

Thus, the approximate confidence intervals for are given by:

ﬂAiZMZVV&I’(E), cEiz/wz Varé’ ﬁizilz Var(f))’

Z
Where ~ #2is the 100(1-2/2) percentile of a standard normal variate.
Simulation Procedure
Numerical studies are carried out to check the performances of the ML estimates. The

invariance property of MLE is used to estimate the MLEs of shape Parameter B j through;

a;,=CV;?; C>0,p>0, j=12,..k
The detailed steps are given below

1) The total of thousand random samples of sizes 50, 100, 150 and 200 are generated
from Generalised Exponential distribution.

2) Three  different levels of stress, k=3, are chosen as below.
n
Vv, =1,v, =15V, =2)n, =3 &1, =60%n,.

3)  For sample sizes, type-1 censored samples are used to estimate the parameters using

Newton-Raphson method.

4)  The RABs and MSE are tabulated for all sets of (,Bo 'CO ' po)
5  Using the invariance property of MLEs, we calculate the MLEs of the shape

parameter & at usual stress levelvu = 0.5 .We also calculate the reliability function

for different values ofﬂ ) C ) p&to ,
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t %

R, () =1-|1-¢

Also, at each at mission time (tO =1518& 22), the MLEs of the reliability function are
predicted for all sets of parameters.

Simulation results are summarised in Tables (7.1), (7.2) and (7.3). Tables (7.1) and (7.2) give
the estimators, RABs and MSEs. Tables (7.3) give the estimated shape parameter under

Vu =0.5. And the reliability function is predicted under\/u =05.

Table 7.1: The Estimates, Relative Bias and MSE of the parameters (,B, CP, 0y, 0y, 053)

under type-1I censoring

Parameter ( p =0.25,C, =1.5,p, :1) (ﬁo =1Cy=15p, :1)
n
s Estimator RABs MSEs Estimator | RABs MSEs
V;; 0.229 0.084 0.078 0.930 0.070 0.076
C 1411 0.059 0.044 1.421 0.052 0.063
5 P 0.930 0.070 0.062 0.925 0.075 0.071
a, 1411 0.059 0.044 1.421 0.052 0.063
2 0.967 0.057 0.042 0.976 0.050 0.062
a3 0.740 0.056 0.042 0.748 0.049 0.059
;] 0.234 0.064 0.064 0.947 0.053 0.056
C 1.429 0.047 0.035 1.436 0.042 0.048
00 P 0.933 0.067 0.071 1.098 0.098 0.077
a, 1.429 0.047 0.035 1.436 0.042 0.048
2 0.955 0.045 0.034 0.920 0.040 0.046
a3 0.748 0.044 0.033 0.670 0.039 0.045
;] 0.239 0.044 0.042 0.951 0.049 0.051
C 1.449 0.034 0.034 1.561 0.040 0.041
- P 0.946 0.054 0.046 1.052 0.052 0.046
oy 1.449 0.034 0.034 1.561 0.040 0.041
2 0.987 0.033 0.033 1.018 0.039 0.040
a3 0.752 0.032 0.032 0.752 0.038 0.039
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200

R TON

S

a;

0.252

1.480

1.113

1.480

0.942

0.684

0.008

0.013

0.113

0.013

0.012

0.012

0.010

0.003

0.010

0.003

0.002

0.003

0.976

1.467

0.955

1.467

0.996

0.756

0.024

0.022

0.045

0.022

0.021

0.021

0.030

0.023

0.031

0.023

0.023

0.022

Table 7.2: The Estimates, Relative Bias and MSE of the parameters (ﬂ, C,P, a,a,, 053)

under type-1I censoring

N parameters ( » =0.25,C, =1 p, :1) (ﬂo =1C, =1 p, :1'5)
Estimator RABs MSEs Estimator RABs MSEs

Yz 0.231 0.076 0.081 0.928 0.072 0.067

C 1.103 0.103 0.047 1.071 0.071 0.067

50 P 0.929 0.071 0.058 1.421 0.052 0.063

271 1.103 0.103 0.047 1.071 0.071 0.067

2 0.756 0.074 0.046 0.601 0.069 0.065

as 0.579 0.072 0.045 0.400 0.068 0.064

Yz 0.237 0.052 0.057 0.939 0.061 0.055

C 1.098 0.098 0.042 1.056 0.044 0.050

100 P 0.937 0.063 0.075 1.436 0.042 0.065
o, 1.098 0.098 0.042 1.056 0.044 0.050

2 0.750 0.095 0.040 0.590 0.043 0.049

a3 0.573 0.093 0.039 0.390 0.043 0.048

Yz 0.239 0.044 0.045 0.948 0.052 0.042

C 1.049 0.049 0.033 1.041 0.041 0.036

150 P 0.958 0.042 0.040 1.561 0.040 0.056
271 1.049 0.049 0.033 1.041 0.041 0.036

2 0.711 0.048 0.032 0.552 0.040 0.035

a3 0.539 0.047 0.032 0.352 0.039 0.034
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Vi) 0.252 0.008 0.017 0.981 0.019 0.036
C 1.060 0.060 0.023 1.035 0.025 0.031
200 P 1.013 0.013 0.021 1.467 0.022 0.025
271 1.060 0.060 0.023 1.035 0.025 0.031
@2 0.702 0.060 0.022 0.570 0.024 0.030
a3 0.525 0.059 0.022 0.374 0.024 0.030

Table 7.3: The estimated shape parameter and Reliability function at normal stress level

taking n=200.
o C, P a t, R, (to )

02 08518

0.25 15 1 3.201165 0.4 0.5141
0.6 0.2624

02 09922

1 15 1 2.843896 0.4 0.9573
0.6 0.8959

02 0.7208

0.25 1 1 2139189 0.4 0.3826
0.6 0.1840

02 09924

1 1 15 2861221 0.4 0.9581
0.6 0.8974

The Replacement Policy with the prospective of Pro-Rata Rebate Warranty Scheme
This warranty policy is applicable on the non-repairable products. The product is replaced
upon failure or at a certain time age (t), which among the two occurs first. Upon failure at
t <7, a failure replacement is performed withCd >0 (downtime cost) and Cp >0
(purchasing cost). The customer is refunded a proportion of sales priceCp if the

defect/failute occuts in the warranty petiod (w). The rebate function is given by:

Cp(l—lj O<t<w
W

R(t) = (7.17)
0 t>w

There is some literature available on age-replacement policy, e.g. Chien and Chen (2007a),
Chien and Chen (2007b), Huang et al. (2008), Chien (2010), Chien at al. (2014), Na and Sheng
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(2014), have used the different warranty policies and observed their effects under both
producer and consumer perspective. The current study dealt with estimating the expected total
cost and expected cost rate for age replacement of units under warranty policy. The pro-rata
rebate warranty policy has also been taken into consideration. It is assumed that there is no
salvage value for the preventively replaced product. The preventive replacement is carried out

with cost Cp at the product age .

Therefore, the total cost incurred in a renewal cycle is:

Cd+Cp-R(t) O<t<w

C(d)=4Cd +Cp w<t<r (7.18)
Cp t>7
According to Chein (2010) and Chein et.al (2014), the expected total cost function under this
policy is:
j F(u)du
E(C(t))=CdF(r)+ <:p°T (7.19)

And, the expected cost rate is
E(CR(t))= M (7.20)

I F(u)du

0

Where I If(u )du is the expected cycle time which is denoted by E(T (z-))
0

Under Generalised Exponential distribution:

We have

F(u)=[l—e;J u>0,a,5>0 (7.22)

Therefore z

Iﬁ(u)du:r—j; 1-e” | du (7.23)
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Substituting equations (7.22) and (7.23) into equations (7.19) and (7.20), respectively, we obtain

the expected total cost and expected cost rate for the non-repairable product. It can be seen

that the function defined in the above equations does not have the elementary integral.

Therefore, a numerical approximation can be obtained by substituting the values of all the

parameters involved, except for the variable of integration.

Now for an application example, if the item is replaced with downtime cost Cd =50and

purchasing costCp =1000. The expected total cost, expected cost rate, and expected cycle

time are estimated. Also, the estimated values of the parameters of generalised exponential

distribution o and $ are obtained under normal conditions as shown in table 7.4.

Table 7.4: The expected total cost, the expected cycle time and the expected cost rate for
age-replacement under warranty policy on Generalised Exponential distribution.

B A w . E(C() E(T(2) CR(»

2 0.2 5 7 930.1232 5.7921 230.885

3 0.2 5 7 944.1763 6.4909 215.4057
4 0.2 5 7 955.8282 6.9264 199.7983
5 0.2 5 7 973.2882 7.3589 1745714
5 0.3 5 7 882.6932 6.0825 183.0282
5 0.4 5 7 830.1848 5.2488 204.6751
5 0.4 6 7 903.7913 6.2867 208.0381
5 0.4 7 7 947.5114 7.5112 218.3333
5 0.4 8 8 988.8976 8.0751 203.3333
5 0.4 8 9 1012.512 8.4758 200.4356
5 0.4 8 10 1050.812 8.8752 216.6667

Results and Conclusion

In the table (7.1) and (7.2), it can observe that the modules of the difference between the true

value of the parameter and its estimator converges to zero, hence consistent. From table (7.3),

it can be noticed that the reliability function decreases as the mission time tO increases. It is
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obvious that whenever a product is tested for a long period of time, its reliability decreases
because of the wear out in the product. The studies show that the preventive replacement will
be strongly affected under PRRW. Particularly, when the product is proven to failures, and
adding the PRRW will extend the optimal replacement age closer to the warranty period.

Author’s Detail
Showkat Ahmad Lone!, Ahmadur Rahman?

1 Department of Basic Sciences, Saudi Electronic University, Riyadh, KSA,
2 Department of Statistics & Operations Research, Aligarh Muslim University, Aligarh, 202002-India.

*Corresponding author email: s.lone@seu.edu.sa

How to Cite this Chapter:

Lone, Showkat Ahmad, and Ahmadur Rahman. “Designing Accelerated Life Testing for Product Reliability Under Warranty
Prospective.” Bayesian Analysis and Reliability Estimation of Generalized Probability Distributions, edited by Afaq Ahmad,
ANR Publisher, 2019, pp. 68-80., ISBN: 978-81-936820-7-4, DOI: 10.21467/books.44.7.

References

Chien, Y. (2010): the effect of pro-rata rebate warranty on the age replacement policy with salvage value consideration. IEEE
Transactions on Reliability, 59, 283-292.

Blischke, W. R. and Murthy, D. N. P. (1992): Product warranty management-I: taxonomy for warranty policies. European
journal of operation research, 62, 127-148.

Blischke, W. R. and Murthy, D. N. P. (1992): Product warranty management-11: A review of mathematical models. European
journal of operation research, 63, 1-34.

Blischke, W. R. and Murthy, D. N. P. (1994): Warranty cost analysis. Marcel Dekker.

Murthy, D. N. P. and Blischke, W. R. (1992): Product warranty management-1l: An integrated framework for study.
European Journal of Operational Research, 62, 261-281.

Mitra, A. and Patankar, J. G. (1993): Market share and warranty costs for renewable warranty programs. International
Journal of Production Economics, 20, 111-123.

Murthy, D. N. P. (1990): Optimal reliability choice in product design. Engineering Optimization, 15, 280-294.

EL-Dessouky, E. A. (2015): Accelerated life testing and age-replacement policy under warranty on Exponentiated Pareto
distribution. Applied mathematical science, 9(36), 1757-1770.

Yang, G. (2010): Accelerated Life Test Plans for Predicting Warranty Cost. IEEE Transactions on Reliability, 59(4), 628-
634.

Abdel-Ghaly, A. A., Attia, A. F. and Aly, H. M. (1998): Estimation of the parameters of Pareto distribution and the reliability
function using accelerated life testing with censoring. Communications in Statistics Part B, 27(2), 469-484.

Attia, A. F., Aly, H. M., and Bleed, S. O. (2011): Estimating and Planning Accelerated Life Test Using Constant Stress for
Generalized Logistic Distribution under Type-I Censoring. ISRN Applied Mathematics, Vol. 2011, pp. 1-15.

Bayesian Analysis and Reliability Estimation of Generalized Probability Distributions

79


https://doi.org/10.21467/books.44.7

Chapter 7: Designing Accelerated 1.fe Testing for Product Reliability Under Warranty Prospective
Attia A. F., Aly H. M. and Bleed S. O. (2011): Estimating and Planning Accelerated Life Test Using Constant Stress for
Generalized Logistic Distribution under Type-I Censoring. International Scholarly Research Network, ISRN Applied
Mathematics, ID 203618, 1-15.

Attia A. F., Shaban A. S. and Abd El Sattar M. H. (2013): Estimation in Constant-Stress Accelerated Life Testing for
Birnbaum-Saunders Distribution under Censoring". International Journal of Contemporary Mathematical Sciences,
8(4), 173 - 188.

El-Dessouky E. A. (2001): On the use of Bayesian approach in accelerated life testing. M.S. thesis, Institute of Statistical
Studies and Research, Cairo University, Egypt.

Gupta, R. D. and Kundu, D. (1999): Generalized Exponential distributions. Australian and New Zealand journal of statistics,
41(2), 173-188. Chien Y. H., Chen J. A. (2007): Optimal age-replacement policy for renewing warranted products.
International Journal of Systems Science, 38(9), 759-769.

Ahmad, N. (2010): Designing Accelerated Life Tests for Generalized Exponential Distribution with Log-linear Model.
International Journal of Reliability and Safety, VVolume 4, pp. 238-264(27).

Chien Y. H., Chen J. A. (2007): Optimal age-replacement policy for renewing warranted products. International Journal of
Systems Science, 38(9), 759-769.

Chien, Y. H., Chang, F. M. and Liu, T. H. (2014): The Effects of Salvage Value on the Age-Replacement Policy under
Renewing Warranty. Proceedings of the 2014 International Conference on Industrial Engineering and Operations
Management, Bali, Indonesia, January 7 — 9, 1840 — 1848.

Chen, J. A. and Y. Chien, Y. H. (2007): Renewing warranty and preventive maintenance for products with failure penalty
post-warranty. Quality and Reliability Engineering International, 23, 107-121.

Huang, H. Z., Liu, Z. J., Li Y., Liu, Y. and He, L. (2008): A Warranty Cost model with Intermittent and Heterogeneous
Usage. Maintenance and Reliability, 4, 9-15.

Na, T. and Sheng, Z. (2014): The comparative study on the influence of warranty period to the practical age-replacement
under two situations. Journal of Business and Management, 16(1), 8-13. http://dx.doi.org/10.9790/487x-16140813.

ISBN: 978-81-936820-7-4 80 Book DOI: 10.21467 /books.44


https://doi.org/10.21467/books.44

