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ABSTRACT
Hysteresis is a non-linear phenomenon exhibited by the mechanical systems. Beyond elastic limit the
loading and unloading path of most of the system will differ and that nonlinear path is indicated by
hysteresis. The reason for shape of hysteretic cure may due to either changes in material properties beyond
the elastic range or due to the changes in structural geometry because of subjected load. This response is a
function of both immediate deformation and the previous residual deformation acted on it since it
represents the dissipated energy of structure. The hysteretic characteristics or degrading characteristics
includes pinching, stiffness degradation, load deterioration, and sliding. A study of four commonly available
hysteresis models, which are Bouc Wen Model, Mostaghel Model, Menegotto Pinto Model and Preisach
Model were briefly reviewed and discussed in this section and the outcome of this study is the best fitted
model for the nonlinear analysis. The scope of the work is to simulate nonlinear response of the building
frame subjected to earthquake excitation in a most effective way.
Keywords: Hysteresis Models, nonlinear analysis
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Introduction

Under dynamic loading most of the structure will behave nonlinearly. Bouc Wen Model, Mostaghel Model,
Menegotto Pinto Model and Preisach Model are some models which describes the hysteretic behavior in
different field of applications. The aim of this paper is to select the most fitting model to simulate nonlinear
response of the building frame subjected to earthquake excitation. The response of structure involves hysteretic
characteristics or degrading characteristics which are pinching, stiffness degradation, load deterioration, and
sliding.
i.
Pinching: Pinching is the progressive reduction in the rotational stiffness caused by closure of crack or
rivet slip. This was commonly found in masonry and concrete structural systems and this can be
represented in hysteresis by the reduction in area of hysteretic curve.
ii.
Stiffness Degradation: Stiffness degradation is the degradation of stiffness because of cyclic loading and
this can be represented in hysteresis by the progressive reduction in the slop of curve.
iii.
Load Deterioration: Load deterioration is the deterioration of the strength in a structural system when it
is loaded to the same the displacement position. This can be represented by subsidence of peak in
hysteretic curve.
iv.
Sliding: Excessive plastic deformations occurred in structural components such as connections and lateral
bracing elements will leads to sliding of system. This also occurs as a result of cracking and tearing of
elements. It is a function of dissipated energy of structure.
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The Bouc-Wen Model

Bouc (1967) suggested a smoothly varying hysteresis model for single-degree-of-freedom (SDOF) system under
cyclic loading. Baber and Wen extended the model with inclusion of stiffness and strength degradation which
were defined as functions of dissipated hysteretic energy. Baber and Noori (1985) further incorporated pinching
effect, which is a sudden loss of stiffness related to the opening and closing of cracks. This model has six shape
parameters to describe the asymmetric hysteresis. The equation of motion for the single-degree-of-freedom
(SDOF) system is explained as,
mü(t) + cu̇(t) + Ft [u(t),z(t),t] = F(t), u̇(0)=u̇0 , u(0)=u0
where, u(𝑡) is the relative displacement of the mass 𝑚 with respect to ground motion; 𝑐 is the linear viscous
damping coefficient; 𝐹t[u(𝑡),𝑧(𝑡),𝑡] is the non-damping restoring force which includes linear restoring force as
𝛼𝑘u(𝑡) and nonlinear restoring force as (1−𝛼)𝑘𝑧(𝑡); 𝛼 (stiffness ratio) is the ratio of postyield slope of hysteretic
loop to the pre-yield slope of the hysteretic loop, 𝑧(𝑡) is the displacement governed by the hysteretic spring;
F(𝑡) is the time varying forcing function. Figure 1 shows the schematic diagram of mass m with Bouc-Wen
model.

Figure 1. Schematic diagram of Bouc-Wen model [2]
The relation between z(𝑡) and u(𝑡) can be governed by the following equation
ż(t) =

ℎ(𝑧)
𝜂

(Au̇(t)-ν(β|u̇(t) ||z (t) |n-1z(t)+ 𝛾 u̇(t) |z(t) |n)), 𝑧(0) = 𝑧0

where, 𝐴 signifies the tangent stiffness, it is generally kept as unity; 𝛽, 𝛾 and 𝑛 are hysteretic shape parameters
which control the shape of loading and unloading paths of the loop; 𝜈 and 𝜂 are the strength and the stiffness
degradation parameters, respectively, which are an increasing function of hysteretic energy and ℎ(𝑧) is the
pinching function.
2.1

Strength and Stiffness Degradation

Strength degradation (𝜈): This effect can be pictured as a downward shift of peak stress or load carrying capacity.
Defined as follows,
𝜈 (𝜖 (𝑡)) = 1 + 𝛿𝜈 𝜖 (𝑡)
Stiffness degradation (𝜂): This is the increasing function of hysteretic energy and defined as follows,
𝜂 (𝜖 (𝑡)) = 1 + 𝛿𝜂 ϵ(𝑡)
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where, 𝜖(𝑡) is the hysteretic energy. 𝛿𝜈 and 𝛿𝜂 represents the strength and stiffness degradation rates respectively.
Both hysteretic force and hysteretic stiffness will degrade as 𝛿𝜂 increase whereas increase of 𝛿𝜈 reduces the
hysteretic force keeping the hysteretic stiffness as constant.
2.2

Pinching Function

This effect can be depicted as the reduction in the area of hysteretic curve. The pinching function can be
expressed as follows
−(𝑧(𝑡)sign(𝑢̇(𝑡)) − 𝑞𝑧𝑚𝑎𝑥) .5
}
𝜍2 2

h(z) = 1-𝜍1exp{

where, 𝜍1(𝜖) determines the severity of pinching with values ranging from 0 to 1; the parameter 𝜍2(𝜖) causes spread
in the pinched region; 𝑞 makes the level of pinching as a fraction of 𝑧𝑚𝑎𝑥.
2.3 Complete Model
The analytical form of complete hysteresis model can be represented as follows:
ü + 2 ξ0 ω0 u̇ + α ω02 u + (1-α) ω02 z = f(t)
1 2

𝑧 = 1 − 𝜁𝑠 (1 − 𝑒 −𝑝𝜀 )𝑒

2
𝑛
1
− (𝑧𝑠𝑔𝑛(𝑢̇)−𝑞[
/(𝜓+δψ Ԑ) [𝜆+𝜁𝑠 (1−𝑒 −𝑝𝜀 )]2
(1+δνԐ)(𝛽+𝛾)] )

{

×
}

𝑢̇−(1+δνԐ)(𝛽|𝑢̇||𝑧|𝑛−1 𝑧+𝛾𝑢̇|𝑧|𝑛 )
{
}
(1+δηԐ)
𝑡

ԑ(𝑡) = (1 − 𝛼)𝜔02 ∫0 𝑧(𝑢, 𝑡). 𝑢(𝑡). 𝑑𝑡
Where 𝜁𝑠 measures total slip; δψ describes desired rate of pinching spread; the parameter, 𝜓 controls the
amount of pinching; p is the constant related to the rate of initial drop in slope and the parameter, 𝜆 controls
rate of change of 𝜍2 with change of 𝜍1. ξ0 linear viscous damping ratio and ω0 pre-yield natural frequency of
system.
RC non-seismic detailed interior beam–column joint specimens, Unit 1 and Unit 2 are tested under cyclic
loading by Liu et al. [4]. Based on experimental results conducted on reinforced concrete (RC) interior and
exterior beam–column joints with limited transverse reinforcement, an analytical Bouc – Wen model was
formulated by Piyali Sengupta et.al [11]. A Comparison is made by Piyali Sengupta et.al [11] between the
experimental and analytical shear force and horizontal deflection. The plots are shown in Fig.2. It is clear from
the figure that both experimental and analytical results are fitting to each other and somewhere the analytical
results are coinciding with experimental value.
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Figure 2. Analytical and experimental shear force versus horizontal deflection plots of Unit 1 and Unit 2 [11]

3

The Mostaghel Model

The analytical Mostaghel model also effectively describes general hysteretic behavior of structural systems. This
model was formulated by Mostaghel (1999) includes the effects of pinching, sliding, strength and stiffness
degradation. Figure 3(a) is the schematic diagram representing the model. The equation of motion representing
a single-degree-of-freedom (SDOF) system is as follows
𝑚𝑢 (𝑡) + 𝑐𝑢 (𝑡) + 𝐹𝑇 [𝑢(𝑡), 𝑧(𝑡), 𝑡] = 𝐹 (𝑡), 𝑢(0) = 𝑢0, 𝑢(0) = 𝑢0
where, u is the deformation of the linear spring which is directly connected to the mass m, shown in Figure 3
(a) ; 𝑐 describes the linear viscous damping coefficient; 𝐹𝑇[u(𝑡), 𝑧(𝑡), 𝑡] is the non-damping restoring force (
includes both linear restoring force and nonlinear restoring force which are 𝛼𝑘u(𝑡) and (1 − 𝛼)𝑘𝑧(𝑡)
respectively); 𝛼 represents stiffness ratio; z(𝑡) is the deformation of the hysteretic spring connected to a slider ;
F(𝑡) is the time varying forcing function.

Figure 3. (a) SDOF system describing Mostaghel’s model, (b) Modified SDOF system including gap element,
additional stiffness and variable μ in slider [7].
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3.1

Pinching Function

Mostaghel (1999) has defined two types of pinching,
i.
Strength pinching: This effect is a result of strength unequalness for loading in opposite directions. Here
the yield force 𝑘𝛿 changes to 𝜆𝑝 𝑘𝛿, where 𝜆𝑝 is the resistance ratio which ranges from 0 to unity and
𝛾𝑝 = 1−𝜆𝑝.
Stiffness hardening: Reduction in the area of hysteretic curve when a system encounters an additional
stiffness at higher levels of its response. This effect can be depicted by introducing additional elastic
stiffness with an initial gap 𝛿𝑠, which is placed symmetrically to the mass as shown in Figure 3(b).

ii.

3.2

Stiffness and Strength Degrading System

From relation, 𝜇𝑚𝑔 = (1 − 𝛼) 𝑘𝛿, it is clear that 𝜇 is directly proportional to 𝑘𝛿. The frictional coefficient
being directly proportional to 𝑘𝛿 will cause decrease in either 𝑘 or 𝛿. Stiffness degradation is incorporated by
inducing decrease in stiffness of the system, 𝑘 with 𝛿 being constant. Similarly, strength degradation is
incorporated by decrease in yield displacement, 𝛿, keeping 𝑘 as constant.

a) Strength degradation function:
𝜙𝑙 (𝑡) =

1
,
1 + 𝜆 l ε(𝑡)

0 < (𝑡) < 1

b) Stiffness degradation function
1

𝜙𝑘 (𝑡) = 1 + 𝜆

k

, 0 < (𝑡) < 1

ε(𝑡)

where ε(𝑡) represents the total hysteretic energy absorbed by the structural system; 𝜆𝑙 represents the strength
degradation factor, 𝜆𝑙 ≥ 0; 𝜆𝑘 represents the stiffness degradation factor, 𝜆𝑘 ≥ 0.
3.3

Sliding System

In order to formulate a model which includes sliding, a new slider system with variable friction coefficient, η(t),
was introduced to the model as portrayed in Figure 3(b). This model consider the sliding as increasing
phenomenon and the function of the friction coefficient η(t) includes an ascending function δ0(t) which
represents the relative initial slackness in the slider for each cycle with a time span starting from zero. Thus
η(t) can be defined as the function of the slider’s initial slackness, δ0(t).
0
𝑖𝑓 δ(t) < δ0 (t)
η(t) = {
η0 𝑖𝑓 δ(t) > δ0 (t)
3.4

Complete Model

The normalized final equation, including pinching, stiffness degradation, load deterioration, and sliding
phenomena, is shown in figure 4 and can be expressed as follows:
̅ (⎸𝑦 ⎸ − 𝛾𝑠 ) + (1 − 𝛼)𝑧 = 𝑃0 𝑝(𝜏)
𝑦(𝜏) + 2𝜉𝑦 + 𝛼𝑦(𝜏) + 𝛼𝑠 (⎸𝑦 ⎸ − 𝛾𝑠 )𝑠𝑛𝑔(𝑦)𝑁
̅ (𝑦 − 𝛿́0 ) + 𝑀(𝑧 − 𝜙𝑙 )𝑁
̅(𝑦 − 𝛿́0 )]
𝑧 = 𝑦𝜙𝑘 {𝑁(𝑦)[𝑀(𝑧 − 𝜆𝑝 𝜙𝑙 )𝑀
̅(𝑧 + 𝜆𝑝 𝜙𝑙 )𝑁(𝑦 − 𝛿́0 ) + 𝑁
̅(𝑧 + 𝜙𝑙 )𝑀(𝑦 − 𝛿́0 )𝑀
̅ (𝑦 + 𝛿́0 )]}
+𝑀(𝑦)[𝑁
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̅ (𝑦)𝑀(𝑦 + 𝛾𝑝 ) + 𝜆𝑝 𝑁
̅ (𝑦)𝑀(𝑦) + 𝜆𝑝 𝑀(𝑦)𝑁(𝑦)]. ⎸1 −
𝜀 (𝑡) = 𝜙𝑙 (1 − 𝛼)⎸𝑦⎸[𝑁(𝑦)𝑁(𝑦 − 𝛾𝑝 ) + 𝑀
̅(𝑦)[𝑀
̅ (𝑧 − 𝜆𝑝 𝜙𝑙 )𝑀
̅ (𝑦) + 𝑀
̅ (𝑧 − 𝜙𝑙 )𝑁
̅(𝑦)]}
{𝑁
̅, and 𝑀
̅ are functions derived from the Signum function (Sgn) and hence which are nonWhere N, M, 𝑁
differentiable.

Figure 4. System Hysteretic loop with stiffness degradation, stiffness hardening, pinching and load
deteriorating system [9].
For establishing the validity of the proposed Mostaghel model, the experimental results are cross checked with
analytical results and the damage model which is implemented in the OpenSees environment. This was derived
by considering both the concentrated rotation at the interfaces between the joint and adjacent beam-columns
and the shear distortions in the joint panel. A comparisons proposed by Mojtaba Farrokh [8] between the
proposed analytical model, the shear model, and the experimental results, considering the hysteretic energy, the
area under the envelope curve, and the R2 factor (a comparative factor which determines accuracy ). It is clear
from the figure that experimental, analytical and OpenSees Models yields the results which are comparable but
not as smooth as in Bouc-Wen Model.
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Figure 5. Comparison of proposed Mostaghel Model with experimental results and shear model [8]
4

Menegotto- Pinto Model

The model was proposed by Menegotto and Pinto which is a special plasticity model for the cyclic behavior of
steel structures and joints. For joints moment rotation relationship is developed by Menegotto and Pinto. The
model was initially programmed by Yassin (1994) based upon the stress strain relationship proposed by
Menegotto and Pinto (1973), coupled with the isotropic hardening rules proposed by Filippou et al. (1983).
This is found to be yet efficient. The general Menegotto-Pinto model (which is a uniaxial constitutive model)
can be expressed as,
(1−𝑏)𝜀∗

𝜎 ∗ = 𝑏𝜀 ∗ +

[1+𝜀∗ 𝑅 ]

1/𝑅

Where 𝜎 ∗ and 𝜀 ∗ are the normalized stress and strain respectively. b is the strain hardening ratio; R is a
parameter that controls the shape of the transition curve between the two asymptotes of elastic loading and
postyield hardening branches. 𝜎 ∗ and 𝜀 ∗ can be defined as
𝜎∗ =

𝜎−𝜎𝑟
𝜎0 −𝜎𝑟

and

𝜀−𝜀𝑟
0 −𝜀𝑟

𝜀∗ = 𝜀

where 𝜎 and 𝜀 are strain and stress, 𝜎0 and 𝜀0 are stress and strain at the intersection point of the two
asymptotes, 𝜎𝑟 and 𝜀𝑟 are strain and stress at the previous strain reversal and R can be defined as
𝑐𝑅 𝜉

𝑅 = 𝑅0 (1 − 𝑐𝑅 1+𝜉)
2

where R0, cR1 and cR2 are experimentally determined parameters, ξ is the normalized plastic strain as defined
as
𝜉= ⎸

𝜀𝑝 −𝜀0
𝜀𝑦

⎸

where 𝜀𝑝 and 𝜀𝑦 are plastic strain and yield strain, respectively. The stress shift for isotropic hardening in
compression and tension can be represented by the following equation.

𝜎𝑠𝑡 = 𝜎𝑦 𝑎1 (

𝑚𝑎𝑥 −𝜀 𝑚𝑖𝑛
𝜀𝑝
𝑝

2 𝑎2 𝜀 𝑦

.8

)

and
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𝑝
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.8
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where a1, a2, a3, and a4 are experimentally determined model parameters and εy is the initial yield strain.
𝜀𝑝𝑚𝑎𝑥 𝑎𝑛𝑑 𝜀𝑝𝑚𝑖𝑛 are minimum and maximum recorded strains in each loading cycles. The 10 model parameters
in this model are E0, σy, b, R0, cR1, cR2, a1, a2, a3, and a4. E0 corresponding to the postyield response.
The moment-rotation curves of the CDWJs (cruciform diaphragm welded joint) at Yujiapu railway station
located in Tianjin, China, was predicted by the proposed mathematical model and they are compared with that
from the numerical simulation as shown in Figure 6. The comparison shows that when the strength degradation
is not considered, the accuracy of the proposed model is noted. The maximum value of the average percentage
difference is only 3.04%. Hence, the Menegotto-Pinto model could be used to estimate the M-θ characteristic
of CDWJ.

Figure 6. Comparison of hysteretic curves obtained from experiment and Menegotto- Pinto model [3]
5

Preisach Model

Preisach model is mainly concerned with hysteresis of smart materials such as ferroelastic, ferroelectric,
ferromagnetic materials, and electroactive polymers. This model have five model parameters. The Preisach
model is a rate-independent hysteresis model. Which determines the output signal y(t), through linear
superposition of continuous operators applied to the input signal x(t) as follows, where t represents time.
+∞

𝑦(𝑡) = ∫0

+∞

∫−∞ 𝜇(𝑟, 𝑠)𝑅𝑠−𝑟,𝑠+𝑟 [𝑥](𝑡) 𝑑𝑠𝑑𝑟

where 𝜇(𝑟, 𝑠) density function; and 𝑅𝑠−𝑟,𝑠+𝑟 relay operator with mean value of s and half-width value of r. In
this model the parameters are converted to operators. The three forms of the operators used in this model are
Relay, Play and Stop as shown in Figure 7.
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Figure 7. (a) relay, (b) play, (c) stop operator [8]
6

Conclusions

In this paper, four commonly available hysteresis models, which are Bouc Wen Model, Mostaghel Model,
Menegotto Pinto Model and Preisach Model are compared in order to select best fitted model for dynamic
analysis of oscillator or shear frame models and following conclusions were drawn:
•

The Bouc –Wen and Mostaghel models incorporate hysteresis characteristics.

•

The Bouc-Wen model has 12 model parameters, whereas Mostaghel model has 7 model parameters.

•

The Bouc-Wen model is found to capture smooth hysteresis, whereas the Mostaghel model has non
differentiable functions and hence the transition from elastic to inelastic regime is not smooth.

•

The Menegotto-Pinto model is a special plasticity model for the cyclic behavior of steel and joints and it
has 10 model parameters.

•

Preisach model give highly accurate results in different fields of engineering such as electromagnetism,
soil mechanics and shape memory alloys. But when this model used under structural system, it shows
less accuracy.

•

Bouc-Wen model and Mostaghel model are more accurate in capturing hysteretic characteristics of
structural systems.
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