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ABSTRACT

In this paper we obtain the Lie invariance condition for second order partial differential equations. This condition is used to obtain
the determining equations of the 1-dimensional wave equation with constant speed. The determining equations are split to obtain an
overdetermined system of partial differential equations which are solved to obtain the symmetries of the wave equation. By making
an appropriate transformation between the dependent and independent variable, the wave equation is reduced to an easily solvable
ordinary differential equation. We solve this resulting differential equation to obtain the solutions of the wave equation. In particular,
the one dimensional wave equation with unit speed has been solved.

1 Introduction

Over a hundred years ago, Sophus Lie introduced the theory of Lie symmetry groups which are invertible point
transformations of the independent and dependent variables in differential equations. In such group analysis, these
transformations lead the original differential equation of first order (which may be a complicated one) to becoming a
separable one, which can be easily solved. In addition, for higher order differential equations, group analysis of the
equation is used to reduce the order of the differential equation by one. A lot of literature on group analysis for ordinary

and partial differential equations can be found in [2, 5].

We call transformations leaving objects invariant or unchanged as Symmetries. In [16] it is pointed out that symmetries
account for various laws in nature, A very important implication of symmetry in physics and mathematics is the
existence of conservation laws. This is because their reproduction at different times and places depend on invariance
laws. In this connection Emma Ndéether [14] observed and proved a relation between continuous symmetries and
conservation laws. Scientists like Kepler got interested in studying motion of planets using symmetries while Newton
studied the orbits of planets using the laws of mechanics as a symmetry principle.

Partial differential equations are of paramount importance in particle Physics, nonlinear optics, fluid dynamics in ad-
dition to its applications in general relativity to differential and algebraic geometry, topology, etc. Research dedicated
to using symmetry analysis for partial differential equations arising in Mathematical Physics may be found in [20, 13].
In addition symmetry analysis for time fractional partial differential equations can be found in [8]. Lie symmetry
analysis for the Kudryashov-Sinelshikov equation may be found in [23] while Lie symmetry analysis for the Burgers’
equation may be found in [11, 12]. Studies on the Korteweg-de Vries equation using Lie symmetry analysis are seen in
[10, 22]. Interests in studying symmetries is so large that in [19] the definition of an admitted Lie group is developed

for Stochastic differential equations.

We now state the definition of a Lie group which we will be using. We will also give some examples of Lie group to

illustrate the definition.
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Definition 1 ([3]) In general, we consider transformations #; = f;(¢;,96),i,j =1,2,--- ,n
which continuously depend on the parameter 6. Further we assume that, for each i, f; is a smooth function of the
variables #; and has convergent Taylor series in 0.

These set of transformations are said to form a group if:

1. Two transformations carried out in succession are equivalent to another transformation of the set
2. There is a transformation for which the source and image points coincide.

3. Each transformation has an inverse.
Remark I The associativity law for groups follows from the closure property.

Remark 2 In general, the order in which the transformations are carried out matters. If the order does not matter, then

we label the group as abelian.

Example 1 F = a®t,t € R\{0} is a one parameter group called the stretching group.
Example 2 t = t + &, which is also a group called the translational group.

Example 3 t] =t cos§ — tp8ind, f = t| sind + tp cos ¢ is known as a Rotational group.

In this paper we perform group analysis of the one-dimensional wave equation, which is of the form,

0%u

d%u
W(f,x)—gm(hx):(), (D

where u is a real valued function defined on I X D, and where I is an open interval in R and D is an open set in R.
Equation (1) under study is a second order partial differential equation with ¢ as the constant speed.

Wave equations find applications in modeling the air column of a clarinet or organ pipe, modeling tension via springs,
motion of a vibrating string, study of damping, elastic waves in a rod, acoustic model for seismic waves, sound waves
in liquids and gases, etc.

Traditional methods to solve wave equations are inverse scattering method [1], Hirota bilinear method [9], Darboux
transformation [6], Bédckund method [4] and Painleve’s extension method [7]. Other methods of solution using
D’Alembert’s formula and method of separation of variables can be found in [17, 18]. More studies for the wave
equation can be found in [21].

We have used Taylor’s theorem for a function of several variables to obtain a Lie type invariance condition for second
order partial differential equations. Using this we obtain symmetries and hence the solutions of the wave equation, for

which we have not found any literature.

2 Lie Invariance Condition Second Order Partial Differential Equations
Let u = u(t,x). Then we consider transformations with g1, g2, g3 smooth functions in #, x, u having convergent

Taylor series in ¢ which are of the form,

f=gi(t,x,u) =t+t(t,x,u) + 0(56?),
= go(t,x,u) = x + 6&(t, x,u) + 0(62), (2)

=1

i =g3(t,x,u) =u+on(t,x,u) +0(5%).

0 0
where 7(t,x,u) = b5 , E(t,x,u) = % , n(t,x,u) = %
6=0 6=0

In order to calculate the p;olongation of a given transformation, we need to differentiate (2) with respect to each of the
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parameters ¢ and x. To do this we introduce the following total derivatives:

0 0 0 0

D, E+u,£+uﬂa+una—ut+-~ y (3)
0 0

sz_ X XX A Xt T 4
6x+u 6u+u 8ux+ut6ut+ @)

The first two equations of (2) may be inverted (locally) to give 7 and x in terms of 7 and X, provided that the Jacobian

is non-zero, that is,
D.i D.x

#0, where u=u(x,t). %)

Since the last equation of (2) contains i as a function of some variables, one of which is u(¢, x), we see that if equation

(5) is satisfied, then by local inverse function theorem, the last equation of (2) can be rewritten as

i =u(t,x). (6)
Applying the chain rule to equation (6), we obtain,
D,lZ Dl‘lT Dt)? lz_l[
D.it| |Df DE||iz|
and therefore by (Cramer’s rule)
_ 1 |D;u D& _ 1 |D:t D;ii 7
i = — , Hg=—|__
T I DD T T |DyD.

Equation (7) can be simplified to get the extended infinitesimal representation,

iy =ty + N[ +O0(6%),  dix = Uy + 01 [x) + O(67), (8)

where
M) = D,(n) —uxD(&) —u; D (1), 9
UIES! =Dy(m) —uxDx(€) —u; Dy (7). (10)

The explicit expression for equation (10) is
My =M — Ertty + (M — Ty — EyUxly — Tuu?,

Nix] =MNx + (M — Ex)tty — Toclty — fuui — TullxUz.

Continuing the procedure, we can obtain the second-order prolongations as follows:

1
g

Dt)f D[ﬁf
D, x D.ii;

1

_ D[l/_lj D[[_
> Mﬁ—?

i (11)
Dtz Dy

U =
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_ l DIX Dtﬁ)‘c l Dlﬁt_ th
Uxi= |y = n == Tln - n 12)
J |DyX Dyiiz J |Dyiti; D1
On simplifying (11) and (12) we get the extended infinitesimal representations, namely
77 = Up + N [r) + O(6%),  fixx = txx + ON[xx] + O(8%), g = Upx + O[] + O(67), (13)
where
Mee] = Dt(n[t]) - utth(‘f) - MttDt(T)’ Nixx] = Dx(n[x]) - uxxDx(f) - utxDx(T)’ (14)
and,
Niex] = Dt(r][x]) - uxth(g) —u;xD; (7) (15)

= Dx(U[t]) —urxDx (&) —uy Dx(7)

The explicit expressions for 77[,/1, 7[xx], 77[sx] given by equations (14) and (15) are

Miee] = Mer — Eneti + (20p — Ty — 2E gttty + (M — 2T} — Elill;

- Tuuu? = 28Uy = 2E Uty + (M — 27 )ubey — Eytx iy — 3Tttty  (16)

Nixx] = Nxx + (znxu - fxx)ux — TxxUr + (Tqu - 2§xu)u§ — 2Ty lxly — fuu”i

- Tuuuiut + (r]u - zfx)uxx — 275Uy — 3§uuxuxx — TuUslhxx — 2Tylxlye, (17)

2
Nxt] = Nxt T (T]tu - fxt)ux + (Tlxu = Tyt )y — Enlty + (Mure = Exu — Tyu)Uxlly
2 2 2
- Txully — fuuuxut — TuulxU;y — Erliyx — Eyllslyy + (nu —éx — Tt)”xt

= 2E Uy — 2Tyl lgy — Txllyy — Tyllxllyy.

If G : I x D7 — R, is a differentiable function where I is an interval in R and D is an open set in R, then for

invariance, we need to have,
0 =G (1, X, i, ity, iz, iz, Uz, Ury)
=G(t+0T+0(6%),x + 6+ O0(8), u+6n+ 0(6%), us + 6y + 0(8),
iy + 0N [x] + O(8%), tys + 0Np1e) + O(6%), thxx + 0N [xx] + O(5°),
Uy + 677[tx] + 0(52))

=G, U, Uy, Uy Upsy U, Upx) + 6(TGz +EGx +1nGy + 011Gy, +1[x]Gu,

+11t¢]Gupy + Mxx] Gy + n[tx]Gu,X) +0(6%)
Equating the coefficient of ¢, we get
TG +€Gx +nGy + NGy, + Nx)1Guy +0(111Guyy + M xx)Guyy + M[1x)Guy =0

Urx
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The infinitesimal generator of the admitted group for the equation given by (17) is,

I 0 v 0 N 0
=T —+&—+n—.
ot ox nﬁu
The extension is given by,
(V= 1G4 £Gy + Gy + NGy + NxGu, + MGy + Nxx1Gue + Nix1Guye (18)

The Lie type invariance condition is given by (MG |go0= 0, where G (1, X, u, s, U, Uss, U, Upy) = 0.

3 Symmetry Analysis of the Wave Equation

We shall obtain symmetries and hence the solutions of
U (1, %) — e (1,x) =0 (19)
The Lie type invariance condition for the wave equation (19) gives
Nier) = x) = 0. (20)

Substituting the values of 77[;;] and 77|, from equations (16) and (17), we get the determining equations given by

Nt — C277xx - (fzz + Cz(znxu - fxx))ux + (277”,4 — Ttt + Cszx)ut - Cz(’]uu - 2§xu)ui

2

2 2 3 2 2 3
- 2(§tu + Txu)uxut + (nuu - ZTuI)Mt tc 'fuuux + Ty U U — 'fuuuxuz — Tuul;

- cz(nu —2& ) uxx + (2027} —2& Uy + cz(r]u = 2T ) uxx + 362§uuxuxx N T TI

+ 22T gty — 2E Uty — czfuuxuxx =3¢t g, = 0. (21)

Splitting equation (21) with respect to u,, we get
= (e + (2~ €xx)) =0, (22)

Splitting equation (21) with respect to u,, we get
20ty — Ter + cz‘rxx =0, (23)

Splitting equation (21) with respect to u2, we get
~ ¢ (= 26xu) =0, 24)

Splitting equation (21) with respect to u,u,, we get

= 2(&ru + Txu) =0, (25

Splitting equation (21) with respect to u?, we get

Nuu — 27, =0, (26)
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Splitting equation (21) with respect to u>, we get

=0, @7
Splitting equation (21) with respect to u2u;, we get
Ty =0, (28)
Splitting equation (21) with respect to uu?, we get
= &uu =0, (29)
Splitting equation (21) with respect to u;, we get
- Ty =0, (30)
Splitting equation (21) with respect to u ., we get
A(éx—1) =0, 31
Splitting equation (21) with respect to uy,, we get
1 —& =0, (32)
Splitting equation (21) with respect to u i, we get
2¢%&, =0, (33)
Splitting equation (21) with respect to u,uy,, we get
-2c%7, =0=0, (34
Splitting equation (21) with respect to uyu;,, we get
2¢%7, =0=0, 35)
Splitting equation (21) with respect to u,u;, we get
-2£,=0=0, (36)
Splitting equation (21) with respect to the constant term, we get
Nie = i = 0. (37)
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From equations (33), (34) and hence (26), we get,
T(t,x,u) = A(t,x), &(t,x,u) =B(t,x), n(t,x,u)=P(t,x)u+Q(tx),

where A, B, P are arbitrary functions of ¢ and x.

From equations (31), (32), (22) and (23), we get, P, =0, P, =0 = P(t,x) = p, a constant.
Hence, U = pu + Q(t, x), where Q satisfies the wave equation.

The wave equation admits a four dimensional Lie group with generators,

. _ 9 . _ 9  L_ 0 L 9
é‘] _A(t’x)at’ {Z_B(tvx)ax’ 4,3_1" ) 44_Q(t>x)au'

ou

We now seek a solution of the wave equation by making a special choice of the infinitesimals namely, A = x,
t, Q=0.

The associated invariant surface condition is

XUy + tu; = pu, which is solved to get u = x” F (5), where F is an arbitrary function.

Substituting in the 1-dimension wave equation, w)ec: get,

(S = DF"(r) = 2%r(p = DF'(r) +*p(p = DF(r) =0 where r = ;c '

This can be integrated easily giving,

ifp=0
c
F(I"): 2 1 p 1 p
cl (r——) +c2(r+—) ifp#0
. ¢

If p = 0, exact solution is

c1 ct—x
ux,tz—lo( )+c
(x.1) c? S\cr+x 2

If p # 0, exact solution is

u(x,r) = xP [01F1 (;C) +ob; (;c)]

where Fi,i = 1,2 are solutions of equation (38).

B =

(38)

(39)

(40)
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The solutions of equation (38) for some integer values of p are presented in table 1 below:

Table 1 Solutions of equation (38) for some integer values of p.

p Fy F
1 1 r
) crr —2cr+1 2t +2cr + 1
c2 c2
3 A3 =3¢ +3cr -1 A3 +3ctr +3cer + 1
c3 c3
4 Art =4 +6¢3rT —der + L + 43P + 637 +der + 1
- =
-1
cr—1 cr+1
c? c?
2 2.2 2,2
ctre=2cr+1 cire+2cr+1
3 3
3 c c
A3r3=3¢2r2+3cr—1 ASr3+3c2r2+3cr+1
vt a
4 c c
cArt —A4c3r3 46022 —der + 11e*r* +4c3r3 + 6¢2r2 + 4cr 4+ 1

We shall conclude the analysis for the wave equation by giving as an example, the particular solution of hyperbolic

wave equation with unit speed.

Example 4 Consider the hyperbolic wave equation with unit speed given by u, (¢, x) — uxx(t,x) = 0.
To obtain a particular solution, consider, A=t, B=x, P=0=0.

The associated invariant surface condition is fu, + xu; = 0

The solution of this linear partial differential equation is u(x, ) = F (> — x?), where F is arbitrary.
To find F, we use the wave equation u,; = u,, and get rF” (r) + F’(r) = 0, where r = 1> — x.
The solution of this Clairaut differential equation is

F(r) = c3ln(r) + c4, where c3, c4 are arbitrary constants.

Re substituting r, we get,

u(x,t) = C3ln(t2 - xz) +c4, “41)
which is the exact solution of the 1-dimensional unit speed wave equation.

4 Conclusion
In this paper, we have performed symmetry analysis of the 1-dimensional wave equation with constant speed and

have obtained its equivalents symmetries and explicit solutions.

1. The wave equation (19) admits the general infinitesimal generator of the Lie group given by

0 0 0
= A(t,x)E +B(t,x)a + (pu +Q(t,x))a.

2. The wave equation with general constant speed admits solutions (found by symmetry analysis) given by equations
(39) and (40).

3. The wave equation with unit speed admits solutions (found by symmetry analysis) given by equation (41).
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