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ABSTRACT 

Let lp (1  p  ) be the Banach space of all p-summable sequences (bounded sequences for p = 1) of 

complex numbers under the standard p-norm on it and C be a composition operator on lp induced by a 

function  on N into itself. In this paper we discuss range and null space of weighted composition 

operators on lp spaces. 
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RESULTS 

Preposition 1: If u is a bounded away from zero then R (uc) is closed. 

Proof: Suppose u is a bounded away from zero. Let a > 0 such that 0 < 
)(

1

nu
  a for each n  1. 

   f  R(uc)    f = (uc) (g) for some g belongs to lp. 

     f (n) = u(n) g((n))  for each n  1. 

     
)(

)(
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nf
 = g ((n)) for each n  1. 
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f
 / An is constant [24]. 

 Let ( )
=1mmf  be a sequence in R (uc) for each fm → f  as m→ . 

 Then by definition of convergence ||fm – f ||p→ 0 as m→ . This implies that for each n  1,   | fm(n) 

– f (n)| → 0 as m → . 

 Now,  )()(
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)(
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nfnf
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mm −=−  = )()(
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       a )()( nfnfm −  → 0 as m →  for each n  1. 

 Hence )(
)(

1
nf

nu
m  converges to )(
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1
nf

nu
 for each n  1. 

https://www.aijr.in/about/policies/copyright/
https://doi.org/10.21467/proceedings.100
https://doi.org/10.21467/proceedings.100.10


Pradeep Kumar. AIJR Proceedings, pp.96-104, 2020 

 

 

 

 Proceedings of International Conference on Applied Mathematics & Computational Sciences (ICAMCS-2019) 

 97  

 Since 








u

fm / An is constant for each n  1 and fm → f. 

 Thus 








u

f
/ An is constant for each n  1. Therefore, f belongs to R (uc). 

 Hence R (uc) is closed.        ▪ 

 

Preposition 2:  If  )(lim nu
n →

 = 0 then R (uc) is closed if and only if s (u) is finite. 

Proof:  Case-I: Suppose s (u) is finite then R (uc) is finite dimensional. Therefore R (uc) is  

                          closed. 

Case-II: Suppose s (u) is an infinite set. Since  )(lim nu
n →

 = 0, it follows [24] that (uc) is 

                compact. 

 As set s(u) is not finite, so range (uc) is not finite dimensional. But a compact operator has 

closed range if and only if its range is finite dimensional. Hence R(uc) is not closed.  

                 ▪ 

Preposition 3: If   )(lim nu
n →

  0, s (u) is not finite and u is not bounded away from zero then 

                         R (uc) is not closed. 

Proof: Since u is not bounded away from zero there exists a subsequence  

=1kkn  such that   u (nk)  0;  

for each k  1 and u(nk) → 0. 

 Let v (n) = 




=



kK

k

nnnu

nn

 if )(

if0
. Then v  l (as u  l). 

 And 0)(lim =
→

kv
k

. Further s (v) is not finite. Therefore (v c) is not closed. 

 Hence there exists a function f lp such that f R (v c). 

 f R(u c)  f  v (go) for each g lp. 

 There exists a natural number k such that f (k)  v (k) g ((k)) 

 But f )( v cR . Since f )( v cR . Therefore f (n) = 0 whenever ns (v). 

 This implies that f (n) = 0 whenever n  nk. 

 Let g be any vector in lp then f R (v c). 

 This implies that f  v (go)   f (nk)  v (nk) g ((nk)) 

      f(nk)  u(nk) g((nk)) for some k  N. 

      f R(u c) 

 But f )( v cR   f )( u cR . Therefore R (u c) is not closed.                                 ▪ 
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Theorem1: Suppose u l is a bounded away from zero. Then the range space of  (uc) is 

                    given by,  

           R (uc) ={f  lp
 :  f / An is constant  for each n  s(u)} where An = {m  s(u) : (m) = n}. 

Proof: Suppose f belongs to R (uc). For n in N and An = {m  s(u) : (m) = n}, we have to prove that f / 

An is constant. Let m1 and m2 be any two points in An . We need to show that f (m1) = f (m2). 

 Since f  belongs to R (uc), there is a function g in lp for each (uc) (g) = f . 

 In particular,  u (m1) g ((m1)) = f (m1)      g ((m1)) =  
)(

)(

1

1

mu

mf
 

  and u(m2) g ((m2)) = f (m2)      g ((m2)) =  
)(

)(

2

2

mu

mf
 

 Given that m1 and m2 belongs to s(u), therefore u(m1)  0 and u(m2)  0. 

 Since   (m1) = (m2) = n, we get that 

 )) / u(m f (mg (n) 11=  and )()( 22 m / um f g (n) =   

 Therefore     
)(

)(

1

1

mu

mf
 =  

)(

)(

2

2

mu

mf
 = g(n) 

 Therefore f / An is constant, for each n  s (u) where An = {m  s (u): (m) = n}. 

 Conversely suppose that f belongs to lp and f / An is constant for each n in N. Define g on N 

into C in the following way: 

  g (n) = 








                                         empty. is  if       0,

emptynot  is if  tobelongs  somefor    
)(
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n

nn
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 g is well defined because f  is constant on An for each n . It can be easily seen that g belongs to lp. 

 Also (uc) (g) (n)   = u (n) g ((n)) 

    = f (n) for n belongs to N. 

 Thus       (uc) (g) = f.  Hence   f  belongs to R (uc).    ▪ 

 

Theorem 2: Suppose u l is bounded away from zero. Then the weighted composition  

                     operator (uc) on lp is onto if and only if   is one to one. 

Proof: First suppose that  is one to one. Let g be any function in lp. Since  is one to one, for each m in  

(N) there is unique n in N for each  (n) = m. Now we define a function    f  on N into C in the 

following way. For m   (N), let  

  f (m) =  










=

                                                          (N)   if        0,

)(such that  N ofelement  unique  theis     where
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 Hence f  belongs to l2. 

 We have (uc) (f) (n) = u (n) f ((n)) = u (n) f (m) = g (n) 
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 Therefore (uc) (f) = g. Thus (uc) is onto.  

 Conversely suppose that (uc) is onto. We have to show that   is one to one. For n1 and n2 in N, 

assume that (n1) = (n2). The function 
1n  lp. Since (uc) is onto, there is a function g in lp for 

each 

   (uc) (f)   = 
1n  

 Hence  (uc) (f) (n1)  = 
1n (n1)   u(n1) f ((n1)) = 1 

                 f ((n1)) = (
)(

1

1nu
n1  s(u)) 

 Also  (uc) (f) (n2)  = 
1n (n2)  = 

2,1 nn  where 
2,1 nn is kronecker delta. i.e. 

 u(n2) f ((n2)) = 
2,1 nn    f ((n2)) = 

)( 2

2,1

nu

nn
(  n2  s(u)) 

 But,   (n1) = (n2). Thus f ((n1)) = f ((n2)).   

            Therefore u (n1) f ((n1)) = u(n2) f ((n2)).                                                                

            Thus 1 =  
2,1 nn  n1 = n2. Hence  is one to one.        ▪ 

Theorem 3: Suppose u l is bounded away from zero. Then the weighted composition  

                    operator (uc) on lp is one to one if and only if  is onto. 

Proof: Suppose that  is onto. We need to show that uc is one to one. For f and g in lp,         we have 

   (uc) (f) = (uc) (g)      (uc) f (n) = (uc) g (n) for each n belongs to N. 

  u (n)  f ((n)) = u(n)  g ((n))  for each n belongs to N. 

  f ((n)) =  g ((n))  for each n in N. 

            Thus f = g (since  is onto). 

 Therefore the weighted composition operator (uc) is one to one. 

 Conversely suppose that (uc) is one to one, we need to show that  is onto. 

 Since (uc) (0) = 0 and (uc) is one to one, it follows that for each natural number n. 

 (uc) (n)   0 i.e. u(n) ( )n1−
   0  ( )n1−

   0. Therefore -1(n) is non-empty for each natural 

number n. Hence  is onto.                               ▪ 

Theorem 4: Suppose u l is bounded away from zero and (uc) is a weighted composition 

                    operator on lp, then for   f = ( ) nnf    

         (uc)* (f) = ( ) ( ) ( ) nnfnu  . 

Proof: For each g in lp, we have ( )( ) n guc  ,   =  ( ) ( )n ucg  *,  

 In particular, the above equation is true for g = m for each m in N. 

 Therefore ( )( ) nm  uc  ,  = ( ) ( ) uc nm   *, . Now  

 ( )( ) nm  uc  ,     = (uc) (m) (n) = u (n) ( )m1−
 (n) = 

( )








− )(   if          0,   

  if       )(
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mn
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 Also ( ) ( ) uc nm   *,  = ( ) ( )( )muc n *  where –– denotes complex conjugation. 

 Thus (uc)* (n) (m) =  
( )








−   )(   if           0,   

   if        )(
1

-1

mn

mnnu




 

 i.e.     (uc)* (n) (m) =  
( )



 =

otherwise         0, 

  if         )( mnnu 
 

 i.e.      (uc)* (n)        =    )(nu  ( )n  

 If f = ( )


=1n

nnf   then (uc)* (f) = ( ) ( )


=1

)(
n

nnfnu      ▪ 

Theorem 5: Suppose u l is bounded away from zero and (uc) be a weighted composition  

                    operator on lp. Then the null space of (uc)* is given by, 

               N ((uc)*) = 








= 
 nAm

usnmflf )(in  each for 0)(:2
 where An = {m  s(u) : (m) = n}. 

Proof: Suppose that f belongs to N ((uc)*), then (uc)* (f) = 0. Assume that  

f = 
N

)(
m

mmf  . Then (uc)* ( f ) = 
N

)()()(
m

mmfmu   by theorem 4. 

   =  
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n
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)N(

)()(  

 since (uc)* (f) = 0, we get 
 nAm

mfmu )()(  = 0 for n in )N( . But 
 nAm

mfmu )()( = 0 for each n 

in )N( . Thus we get 
 nAm

mf )( = 0 for each n  s(u). 

 Conversely suppose that f belongs to lp such that 
 nAm

mf )(  = 0 for each n in s(u). 

 Then from the expression (u c)*(f) =  
 










)N(

)()(
m Am n

mfmu n  

 It follows easily that (uc)*(f) = 0. Therefore f belongs to N ((uc)*)           ▪ 

Theorem 6: Suppose u l is bounded away from zero and (uc) be a weighted composition  operator on 

lp. Then the range space of (uc)* is given by, 

               R ((uc)*) = 0)N(N/: =− flf p
. 

Proof: Suppose f  belongs to R ((uc)*). Then there exists a function g in lp for each  

 (uc)* (g) = f. Suppose g =  nng )( . Then (uc)* (g) =  )()()( nngnu   

 It follows that for m belongs to N  –  (N), (uc)* (g) (m) = 0 

 Therefore f (m) = 0 for each m  N  –  (N) 

https://doi.org/10.21467/proceedings.100


Pradeep Kumar. AIJR Proceedings, pp.96-104, 2020 

 

 

 

 Proceedings of International Conference on Applied Mathematics & Computational Sciences (ICAMCS-2019) 

 101  

 Conversely assume that f  lp and f (m) = 0 for each m  N  –  (N). We need to show that f  R 

((uc)*). We have N   = 
)N (n

nA , where An = {m  N  : (m) = n}. 

 We notice that for n   (N), each An is non empty finite subset of N. Let nA  denote the number 

of elements in An. Let 

   g = 
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 <   (since nA   1 for each n   (N) and u  l) 

 Hence g belongs to lp. Now we shall show that (uc)* (g) = f . We have, 

 (uc)* (g) = 


=
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nm
m nAnu

nfnu
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nf
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n

nnf  = f ( 0)N(N/cesin =−f )    ▪ 

Corollary: The range space R((uc)*) is a closed subspace of lp. 

Proof: Let ( )

=1nnf  be a sequence in R((uc)*) for each ( )

=1nnf  converges to f in lp. Since 

0)N(N/ =−nf  and converges in lp implies pointwise convergence, it follows that the limit 

function  f = 0 on )N(N − . Thus  f  R((uc)*). Hence R((uc)*) is a closed subspace of lp. 

Theorem 7: Suppose u l is bounded away from zero and (uc) be a weighted composition operator on 

lp. Then the adjoint (uc)* of weighted composition operator (uc) is one to one if and only if  is 

one to one. 

Proof: Suppose (uc)* is a one to one. We need to show that  is one to one. For n and m in N. (n) = (m)  

 (n) = (m)   (uc)* (n) = (uc)* (m)  n = m  (since (uc)* is one to one)  n = m 

  is one to one. 

 Conversely assume that  is one to one. We need to show that (uc)* is one to one. 
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 For f = ( )


=1n

nnf   and g = ( )


=1n

nng   in lp, (uc)* (f) = (uc)* (g). This implies that 

( ) ( )


=1
)(

n
nnfnu   = ( ) ( )



=1
)(

n
nngnu  . Thus f (n) = g (n) for each n  N because  is one to one. 

Therefore f = g. Hence (uc)* is one to one.    ▪ 

Theorem 8: Suppose u l is bounded away from zero and (uc) is a weighted composition operator on lp. 

Then the adjoint (uc)* of a weighted composition operator (uc) is onto if and only if  is onto. 

Proof:  Suppose (uc)* is onto. We need to show that  is onto. Let m be any natural number, then m  lp. 

Since (uc)* is onto, there is a function f = ( ) nnf   in lp such that 

 (uc)* (f) = m
    i.e. ( ) ( ) )(nnfnu  = m. 

 There is a natural number n for each (n) = m. Hence  is onto. 

 Conversely assume that  is onto. We need to show that (uc)* is onto. Let g = ( )


=1m

mmg  be 

any function in lp. Since  is onto for each m in N, Am = -1(m) is non-empty. Let P be a set 

consisting of precisely one number from each of the sets An for m in N. Let f = 

( )
( )

=


mnPn
m

n
mu

mg

)(,
N



 . Then 

 (uc)* (f) = ( )
( )
( ) )(

)(,
N

n

mnPn
m mu

mg
mu 




=



 =  ( ) m

m

mg 
N

 = g.  

 Hence (uc)* is onto.                      ▪ 

Corollary: Suppose u l is bounded away from zero then (uc)* is invertible if and only if  

                     is invertible. 

Proof: Proof follows from theorem 7 and 8. 

Theorem 9: Suppose u l is bounded away from zero. Then the adjoint (uc)* of a weighted 

                     composition operator (uc) is a weighted composition operator if and only if  is 

                     one to one and onto. 

Proof: Suppose  is one to one and onto. We need to show that adjoint (uc)* is a Weighted composition 

operator. We have to find a function  on N into itself such that 

  (uc)* (f) = u c (f) for each f in lp. 

 Let  = -1 (since  is one to one and onto). To show that (uc)* = (u c), it is sufficient to show 

that (uc)* (n) = (uc) (n) for each n  s (u). 

 Thus we need to show that (uc)* (n) (m) = (uc) (n) (m).  

            i.e.  )(mu (n) (m) = u(m)
)(1 n−

  (m) 
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 But -1 (n) = (-1)-1 (n) = (n). Thus we have to show that )(mu (n)(m) = )(mu (n)(m) which is 

obviously true. Therefore (uc)* is a weighted composition operator and (uc)* = 1−
cu . 

 Conversely assume that (uc)* is a weighted composition operator. We need to show that  is one 

to one and onto and (uc)* = 1−
cu . Since (uc)* is a weighted composition operator there is a 

function  on N into itself for each (uc)* = uc. Therefore (uc)* (n) = (uc) (n) for each n  

s (u). Thus (uc)* (n) (m) = (uc) (n) (m) for each m  N. 

 Therefore u(m)
)(1 n−

 (m) = u (m) 
)(1 n−

 (m).  

 Hence u(m)
)(1 n−

 (m) = u (m)n((m)).. ... (1) 

 Let m = (n) in eqn. (1), then we get u(m)(n) ((n)) = u (m)n ( ((n))). 

 Therefore  ((n)) = n, and u (n) = u(n)  for each n  s(u). Thus  o   =  I. 

 Hence   is one to one. 

 Again in the equation (1) we put n =  (m), we get   ( (m))(m) =  (m) ( (m)) 

 Thus we get ( (m)) = m. Therefore  o  = I. Hence  is onto. 

 Thus  is one to one and onto.       ▪ 
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