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ABSTRACT 

A graph rubbling and pebbling move is removable of two pebbles and addition of one pebble with 

their different prospect of respect of vertices. Using rubbling and pebbling move, a vertex is 

reachable if a pebble can be moved to the vertex. In this paper, we demonstrate the evaluation of the 

rubbling number of bipartite graphs with the impetus of Python coding for larger number of vertices. 

 

Keywords: Pebbling Number, Rubbling Number, Path Graph and Bipartite Graph.  

 

1. Introduction 

Chung was first one to introduce pebbling in graphs [1]. Consider, a graph of 𝑛 vertices with fixed 

number of pebbles distributed among its vertices. Pebbling step is the removal of 2 pebbles from a 

vertex and addition of 1 pebble on its adjacent vertex [2, 3, 4, 6].  

The 𝑓(𝐺) is the representation of pebbling number of graphs, after a sequence of pebbling moves on 

a graph where pebbles are randomly distributed all over the vertices can sent 1 pebble to any arbitrary 

vertex.  For an example,𝑓(𝐺)  =  5. 

 

Figure 𝟏. A undirected graph 𝐺 with five vertices 

1.1.  Preposition [6]:  

The pebbling number of the path graphs, 𝑓(𝑃𝑛) = 2𝑛−1. 
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1.2.  Preposition [6]: 

The pebbling number of the complete bipartite graphs,  

𝑓(𝐾𝑚,𝑛) = 𝑚 + 𝑛 

2. Graph Rubbling 

Graph Rubbling is the way extension of graph pebbling. Sometimes, graph rubbling may be easier 

and harder than pebbling. Consider a graph, rubbling step is the removal of 1 pebble from each 

adjacent vertices of target vertex and placing 1 pebble on target vertex [6].  

 

Figure 𝟐. Rubbling Step on a graph 

The 𝜌(𝐺) is the representation of rubbling number of graph 𝐺, after sequence of rubbling steps if 

target vertex is placed with 1 pebble from 𝑚 number of pebbles distributed all over the graph. For an 

example, 𝜌(𝐺) = 4. 

 

Figure 𝟑. Rubbling number of a graph 

Figure 3(𝑎) shows pebble distribution of 3 pebbles where 𝑤 vertex is not reachable. While, figure 

3(𝑏) shows that an extra pebble indicates 𝑤 vertex reachable. Here, every vertex is reachable with 

4 pebbles then, 𝜌(𝐺) = 4. 

2.1. Preposition [6]:  

The rubbling number of the path graphs, 𝜌(𝑃𝑛) = 2𝑛−1. 

2.2. Preposition [6]: 

The rubbling number of the complete bipartite graphs,  

𝜌(𝐾𝑚,𝑛) = 4 
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3. Main Theorem 

Let 𝑘 is the longest path in graph 𝐺 that contains every vertex of 𝐺 and �̅� is the remaining vertices of 

𝐺 contains 1 pebble at each, which are not in  𝑘. 

3.1.  Conjecture [5]:  

Let 𝐺 = (𝑈, 𝑉, 𝐸) be an undirected bipartite graph and if there is at least one path containing 

every vertex of |𝑈| and |𝑉| of 𝐺 then, 

𝑓(𝐺) = 2𝑠−1,   where 𝑠 = |𝑈| + |𝑉|. 

3.2.  Conjecture [5]:  

If in 𝐺 = (𝑈, 𝑉, 𝐸) undirected bipartite graph, there is not a path which contains all the vertices of 𝐺 

then, for 0 ≤ �̅� ≤ 𝑚, 𝑛, 

𝑓(𝐺) = 2𝑘−1 + �̅�. 

3.3.  Conjecture:  

On combining conjecture 3.1 and conjecture 3.2, it is clear that pebbling number of undirected 

bipartite graph, for 0 ≤ �̅� ≤ 𝑚, 𝑛, 

𝑓(𝐵𝐺) = 2𝑘−1 + �̅�. 

3.4.  Main Theorem:  

The rubbling number of undirected bipartite graph,  

𝜌(𝐵𝐺) = 2𝑘−1 + �̅�                 for  0 ≤ �̅� ≤ 𝑚, 𝑛 

Proof: Case (1): In worst case scenario, when �̅� = 0. 

Then,  𝜌(𝐵𝐺) = 2𝑘−1,    where k = |𝑈| + |𝑉|. 

From preposition 2.1. result is clear, rubbling is possible. 

Case (2): When �̅� ≠ 0   𝑖. 𝑒.   0 < �̅� ≤ 𝑚, 𝑛. 

Using mathematical induction on �̅�. 

Basic of Induction: when �̅� = 1, 2. Result is transparent. 

Induction hypothesis: Suppose result is true for (𝑚 − 2 + 𝑛). 

Induction Test: To test whether (𝑚 + 𝑛) holds result. 

On combination of basic of induction and induction hypothesis, we can hold result true for (𝑚 + 𝑛). 

Since, the graph is null graph, then each vertex will contain one pebble otherwise, rubbling concept 

is contradicted.  

3.5.  Open question: Let 𝐺𝐷 = (𝑈, 𝑉, 𝐴) be a directed bipartite graph of arc 𝐴, if there is at least 1 

path which contains every vertex of 𝐺𝐷 i. e. (𝑈 ∪ 𝑉) then, 

𝜌(𝐺𝐷) = 2𝑠−1,     𝑠 = |𝑈| + |𝑉|. 

4. Python Coding 

Let 𝐺 = (𝑈, 𝑉, 𝐸) an undirected bipartite graph is converted into array in programming language. 

1) Let the adjacency matrix of 𝐺 = (𝑈, 𝑉, 𝐸) be denoted by 𝐴(𝐺). 

2) Union of vertex set 𝑈 and 𝑉 is denoted by (𝑈 ∪ 𝑉). 

3) Number of rows or number of columns are representation of number of vertices (i.e. (𝑈 ∪

𝑉)). 

4) In python, length of matrix is the total number of vertices of graph 𝐺. 
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5) In python, a matrix is enclosed into a list, with the entry of 0 and 1 i.e. binary. 

For an example,  

 

                   𝑎 𝑏 𝑐 

𝐴(𝐺) =
𝑎
𝑏
𝑐

[
0 1 0
1 0 1
0 1 0

] 

Figure  𝟒. In Python, 𝐺 is converted into 𝐴(𝐺) with the entry of 0 and 1 [7]. 

∴        𝐴(𝐺) = [[0,1,0], [1,0,1], [0,1,0]] 

4.1.  Coding for Rubbling number of undirected Bipartite Graph based on conjecture 𝟑. 𝟏 [𝟓, 𝟕] 

Let RBG = Rubbling of Undirected Bipartite Graph. 

>>> def power(x, s): 

 res = 1 

 for i in range(0, s): 

  res = res * x 

 return(res) 

>>> def RBG(A): 

 t = len(A) 

 R = power(2, t-1) 

 return(R) 

>>> RBG([1,0,1]) 

4 

>>> RBG([[0,1,0],[1,0,1],[0,1,0]]) 

4 

For an example,  

 

Figure 𝟒. 𝟏. 𝟏. Bipartite Graph 

>>> RBG(A) 

256 
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4.2.  Coding for Pebbling number of undirected Bipartite Graph based on conjecture 𝟑. 𝟏 [𝟓, 𝟕] 

Let PBG = Pebbling of Undirected Bipartite Graph. 

>>> def power(x, s): 

 res = 1 

 for i in range(0, s): 

  res = res * x 

 return(res) 

>>> def PBG(B): 

 t = len(B) 

 P = power(2, t-1) 

 return(P) 

>>> PBG([[0,1],[1,0]]) 

2 

 

4.3.  Coding for Rubbling and Pebbling number of Undirected Bipartite Graph based on 

conjecture 𝟑. 𝟏 and conjecture 𝟑. 𝟐 [𝟓, 𝟕] 

Let 𝐺 = total number of vertices in undirected bipartite graph and 𝑚 = number of 

vertices which are in the longest path of undirected bipartite graph. 

>>> def power(x, s): 

 res = 1 

 for i in range(0, s): 

  res = res * x 

 return(res) 

>>> def BG(G,m): 

 n = G-m 

 P = power(2,m-1) + n 

 return(P) 

>>> BG(122,3) 

123 

>>> BG(122,15) 

16491 

 
 

5. Concluding Remarks 

Here, we have calculated the rubbling number of undirected bipartite graph with the help of Python 

coding. It is easy to use Python programming code to get better results. It describes the complexity of 

bipartite graph with the impetus of bipartite graph is widely used in the computational programming. 
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